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Abstract. We prove Mazur and Rubin's A-adic Gross-Zagier conjecture (under some 
restrictive hypotheses), which relates Heegner points in towers of number fields to the 
2-variable p-adic L-function. The result generalizes Perrin-Riou's p-adic Gross-Zagier 
theorem. 



0. Introduction 

Fix forever a rational prime p > 2 and embeddings Q^^'s ^ Qaig g^-^^j Qaig ^ q -pj^^ ^-^^^ 
a normalized cuspidal newform / g S2(J'q{N), C) and an imaginary quadratic field K/Q of 
discriminant D and quadratic character e satisfying the Heegner hypothesis that all primes 
dividing N are split in K. Assume that {p, DN) = 1 and that / is ordinary at p in the sense 
that the Fourier coefficient ap{f) E Q^'^ j^as p-adic absolute value I at the fixed embedding 
Qaig ^ Qp'^. We let Bq be a number field which is large enough to contain all Fourier 
coefficients of /, denote by Aq the integer ring of Bq, and by A and B the closures of and 
Bq in Qp's, respectively. Let Hs be the ring class field of K of conductor and let Hao be 
the union over all s of Hg. We write F = 1 +pZp, and let 70 G F be a topological generator. 
Using methods of Hida |Hi85j , Perrin-Riou |PR87a[ IPR88] attaches to / a "two- variable" 
p-adic L-function 

Cf e A[[Gal{Hoo/K) x F]] (g>A B 
which interpolates the special values of twists of the complex L-function of / at s = 1 . The 
p-adic L-function may be expanded as a power series in 70 ~ 1 

(1) Cf = Cf,> + Cf,i-{jo-l) + ---, 

with each Cf^k G '^[[Gal(_ffoo/-f^)]] 'E)a The Heegner hypothesis forces the constant term 
£/^o to vanish, and the goal of this paper is to relate the linear term Cf,i to the p-adic 
height pairings of Heegner points in the /-component of the Jacobian Jo(N). 

For every nonnegative integer s the Heegner hypothesis guarantees the existence of a 
Heegner point hg G Xo{N){C) of conductor p*; that is, a cyclic iV-isogeny of elliptic curves 
hg : Eg — > Eg over C such that both Eg and Eg have complex multiplication by exactly 
Og — Z +p''Ok, the order of conductor p'* in K. The family {hg} may be chosen so that 
for every s > 1 there is a commutative diagram 

Eg^^E' 



Eg-i ^ E'g_i 

in which the vertical arrows are p-isogenies. The elliptic curve Eg-i (resp. Eg_i) is then 
necessarily the quotient of Eg (resp. Eg) by its pOs-i-torsion. By the theory of complex 
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multiplication (for example |Cor02[ Proposition 1.2]) the curves Eg and E'^, as well as the 
isogeny connecting them, can be defined over Hg, and so define a point hg E Xo{N){Hs). 
One then has the Euler system relations (^JHH) 



Tpr{hs) = ^orm.H,+^/HAhi>+r) +Tpr-i{hs-i) 

if r, s > 0, and 

X / u- Norm^^/^„(/ii) + (o-p + <T*)ho if e{p) = 1 
^p(^o) - I ^ . NormH,///„(/Ji) if e{p) - -1 

as divisors on Xq{N), where Tpr is the usual Hecke correspondence, 2u — \0^\, and (Xp, cr* G 
Gei\{HQ / K) are the Frobenius automorphisms of the two primes above p in the case e(p) — 1. 
Abusing notation, we also denote by hg the image of hg in Jq (N) under the usual embedding 
Xo{N) — T' Jo{N) taking the cusp oo to the origin. 

Let T be the Q-algebra generated by the action of the Hecke operators Ti with {£, N) = 1 
on Jo (N) . The semi-simplicity of T gives a decomposition of T (g) modules 

where f3 ranges over Gal(Qp's/^)-orbits of algebra homomorphisms /3 : T — >■ Qp'^. Each 
summand is stable under the action of Gal(iJs/Q), and if /3(T) C B then T acts on J{Hs)fi 
through the character /3. The fixed newform / determines one such homomorphism, and 
we define hgj to be the projection of hg onto the associated factor J{Hg)f. Let a G 
be the unit root of X'^ — ap{f)X + p. As in |BD96] . define the regularized Heegner point 
Zg G J{Hg)f for s > by 

Zg — —hgJ —rhg-l J. 

In the case s = we define 



(i-^)(i-^)V/ if<p) = i 



[l-^)hoj ife(p) = -l. 

It follows from the Euler system relations that the points Zg are compatible under the norm 
(trace) maps on J{Hg)f. 

The case s = of the following theorem is due to Perrin-Riou jPR87a| . and has been 
generalized to higher weight modular forms by Nekovaf [Nek95 . 

Theorem A. Assume that D is odd and ^ —3, and that e{p) = 1. For any character 
7? : Gal{Hg/K) ^ Qf^'"" 

?K'«s)logp(7o) • 'C/,i(?7) = ^ ?7(cr)(z^,0 

aeGaliH^/K) 



where Kg £ Gal{Hg/K) is the Artin symbol ofdg — {vDOk) H Og, 

(,) = (, )mn)m^ ■■ MNYiHg) X MN){Hg) ^ Qp 

is the p-adic height pairing (0) extended B bilinearly, and is the image of Zg under the 
canonical principal polarization of Jq{N) (extended B-linearly on Mordell-Weil groups) 

MN){Hg) ®B^ MNYiHg) ® B. 

Both sides of the stated equality are independent of the choice of 70 . 
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Remark 0.0.1. The p-adic height pairmg ( , )jo(n),Hs referred to in the theorem is not 
uniquely determined (see Proposition l3.2.11 and Remark l3.2.2p . We emphasize that Theorem 
\X\ holds for any choice of p-adic height pairing ( , )jo(n),Hs as in ([9]). 

Remark 0.0.2. Nekovaf }Nek95] claims that there is a sign error in the statement of jPR87a| 
Theoreme 1.3], but there is no small amount of confusion over Perrin-Riou's normalization 
of the height pairing. This is primarily due to the change of sign in Remark 13.3.11 which 
is our reason for maintaining the distinction between Jo{N) and Jo(A^)^, and between the 
pairings © and ([TU)) . It is also possible that |PR87a) uses a different convention for the 
reciprocity law of class field theory; see ^13.31 

Remark 0.0.3. Theorem El should hold without the stated hypotheses on D and e(p). We 
note that the hypothesis D 7^ — 3 is not assumed in |PR87a) . 

Now suppose / has rational Fourier coefficients, Bq = Q, and E belongs to the isogeny 

class of (ordinary!) elliptic curves associated to /. Fix a modular parametrization Xo(A^) 
E, and let 

0* : JoiN) ^ E 4>* ■.E'^ ^ MNY 

be the Albanese and Picard maps. Extending and (j)* to Qp-linear maps on Mordell-Weil 
groups, let ijs — 4'*{zs) & E{Hs) ® Zp and let be the unique point of E^{Hs) (8) Qp with 
ip*{y]{) — . The canonical polarization E ~ i?^ identifies ys with deg((/)) • y^ . The points 
ys and y^ are norm-compatible as s varies (since the Zg are) . Define the Heegner i-function 
-Cnccg e Zp[[Gal(iJoo/i^)]] ® Qp by 

creGal{Hs/K) 

where the pairing is the p-adic height pairing of © extended Qp-linearly (and not the height 
pairing of (|10p: as E is both a curve and an abelian variety, we have reached a notational 
singularity). Unlike the height pairing of Theorem El the pairing ( , ) e,Hs is canonical. This 
follows from the ordinarity of E at p and the uniqueness claims of Proposition l3.2.n A priori, 
'Cncog lives in the larger space ^im Qp\\Gal{Hs / K)]], but it is known that the denominators 
in the height pairing are bounded as s varies (this follows from the construction of |PR87a) , 
although it is not explicitly stated there; note also Proposition 10.0.41 below) . 

Theorem B. Under the hypotheses (and notation) of Theorem [Al 

• logp(7o) ■ ^f,i = -Cnecg 

in Zp[[Gal(i?oo/^)]] <8) Qp, where k — IurKs £ Ga\{Hao/K)- 

Theorem |B] is a (very slightly) strengthened form of a conjecture of Mazur and Rubin 
[MR02[ Conjecture 9]. To make the connection between our theorem and the conjecture of 
Mazur and Rubin more explicit, first note that the construction of the p-adic height ( , ) e,Hs 

log 

depends on the auxiliary choice of the idele class character pn, ■ / T — ^ Zp 
defined at the start of ^ 33. 31 Define Fq^ — F (g)Zp Qp and extend log^ to a Qp-linear 
isomorphism Fq^ Qp. Define a pairing 

( , : E^{Hg) X E{Hs) ^ Fq^ 

by ( , )em, = logpo( , )r and set 

^Hccg = 1™ E ys)EM. ■ ^ G Zp[[Gal(iJoo/if )]] ® Fq^, 

aeGa\{Hs/K) 
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where we have now identified E = E'^ in the canonical way, so that 

(1 (g) logp)(£Hcog) = deg(0) • Cuccg- 
Let / be the kernel of the projection 

Zp[[Gal(i/oo/if)xr]]®Qp ^ Zp[[G8il{H^/K)]]^Qj, 

and let w : Zp[[Gal{Hac,/ K)]] <8) Fq^ I/P be the isomorphism defined by w{X €57) = 
A(7 - 1). Thus w(>CHocg) = deg(^)logp(7o)"^£Hccg • (70 - !)■ As £/,o = 0, the p-adic 
L- function C / is contained in /, and Theorem |5] may be rewritten as 

= Cf., ■ (70 - 1) = l^^^Hccg • (70 - 1) = d^-(^&oog) 

in I/P. 

Now assume the hypotheses of Theorem El and also that Gal{K^^^/K) surjccts onto the 
Zp-module automorphisms of Tp{E) and that p does not divide the class number of K. Let 
-f^oo C -ffoo be the anticyclotomic Zp-extension of and set Kg ~ K^o H -ff^+ii so that 
[Ks : K] =p^ Define Aa„ti = Zp[[Gal(i^oo/if)]] ® Qp, and 

5(i^„i;) =^Selp.(i^„i;) 5oo = (^5(/^„£;))(»Qp 

fe s 

X = Homz, (Selp= (ifoo, i^), Qp/Zp) ^ Qp. 
Let i/oo G Sao be the inverse limit of ijs = Norm^^^^^/^^ (y^+i) g S{Ks,E), and define the 
Heegner submodule % C to be the Aa„ti-submodule generated by i/oo- It follows from 
work of Cornut and Vatsal |Cor02) that "H is a free Aanti-module of rank one. It is known by 
work of Bertolini and the author |Ber95[ IHow03a| that X is a finitely-generated rank-one 
Aanti-module, iSoo is free of rank one, and 

(2) char(Xtors) divides char(5oo/'H) • char(5oo/'H)'^ 

where Xtors denotes the Aanti-torsion submodule of X, and A 1— >■ A*" is the involution of 
Aanti which is inversion on group-like elements. Pcrrin-Riou |PR87bl Conjecture B] has 
conjectured that the divisibility ^ is an equality. 

Proposition 0.0.4. (Perrin-Riou |PR87bl IPR911 |PR92| j There is a p-adic height pairing 

l)g:SiKg,E)xS{K„E) -> c'^Zp 

whose restriction to the image of the Kummer map E{Ks) <8) Zp ^ S{Ks,E) agrees with 
the pairing ( , )e,Ks of (0) after identifiying E = E'^ in the canonical way, where c Xp is 
independent of s. 

There is a Aanti-adic height pairing t}oo ■ Soo x — > Aanti defined by 
()oo(^a5,^&s) = ^ ^ t)s{as,K) ■ cr, 

creG£i\{Ks/K) 

and we define the Aanti-adic regulator TZ to be the image of this map. If 

e : Zp[[Gal{Hoo/K)]] (g) Qp ^ Aanti 

is the natural projection, then the norm compatibility of the height pairing (see Remark 
13.2.21 in this case the compatibility is automatic by the uniqueness claim of Proposition 
13.2.11 and the fact that E is ordinary at p) gives 

e('CHocg)Aanti = f)oo (^oo , ^oo ) Aanti = char(5oo/'H) • char(5oo/'H)' • TZ. 
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If we assume TZ ^ then Theorem |B] allows us to rewrite the divisibility ^ as 
(3) char(Xtors) divides ^^^Z-^^^"*' ^ 

which now has the look and feel of a Aanti-adic form of the Birch and Swinnerton-Dyer 
conjecture and no longer makes any mention of Heegner points. It was conjectured by 
Mazur and Rubin [MR02[ Conjecture 6] that TZ = Aanti, but those authors have since 
retracted that conjecture. 

Note that the hypothesis on the action of Galois on the p-adic Tate module excludes the 
case where E has complex multiplication. Results similar to (jS]) in the so-called exceptional 
case where E has complex multiplication by K can be found in |AH03| . 

The author thanks Dick Gross for several helpful conversations, Brian Conrad for helpful 
correspondence, and the anonymous referee for suggesting many improvements to an earlier 
draft of this article. 



0.1. Plan of the proof. Enlarging Bq if needed, we may assume that Aq contains the 
Fourier coefficients of all normalized newforms of level dividing N, so that all algebra maps 
T — )• Q'^'s take values in Bq- Fix s > and define, for each integer < i < s, degree 
divisors on Xq{N) /h, 

Ci = (hi) - (0) di = (hi) - (oo). 

For any pair < i, j < s and any a € Gal{Hs/ K) we define a p-adic modular form 

n 

where the sum is over algebra homomorphisms /3 : T Bq, fp is the associated normalized 
primitive (i.e. new of some level dividing N) eigenform, {,} — {, )xo{n),h= ^he p-adic 
height pairing ([T0|) on degree zero divisors of Xo{N) /h, (viewed as a pairing on Jo{N){Hs) 
and extended K-linearly; by Remark 13.3. II this is minus the pairing of Theorem [A]) and the 
/3 subscript on dj indicates projection to the component J{Hs)p. Define a p-adic cusp form 

= U^F^'^ - UF^'-^ - C/^^r'" + ^^r'""' e S2{Tq{Np),Bo) ®Bo B 

where U is the Atkin-Lehner Up defined by U{J2<^mq"^) = '^ampQ™'- For {■m,N) = 1, the 
m**^ Fourier coefficient of i^o- is given by the formula (see Proposition 17.0.6]) 

(4) aM) = (c.,T^p2(d^)) - {cs,T,np{d:_,)} - (c,_i,r™p«)) + (c,_i, T^^^J). 

The pairs of divisors occuring in this expression will not be relatively prime for many values 
of m, but if we define divisors 

on Xq(N) and write m — mop^ with (niQ^p) = 1, then the Euler system relation allow us 
to rewrite ^ as 

(5) a^iF,) = {Cs,T^Mlr+2)) - {Cs-l,Trao{dl,+ ,)). 

The pairs of divisors occuring here are relatively prime: the geometric points of Trn,o{ii-s,r) 
represent elliptic curves with CM by an order O for which ordp(cond(C')) = r + s. Working 
with these divisors allows us to avoid the "intersection theory with tangent vectors" used 
by Gross-Zagier to deal with divisors having common support. 
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In fJH we recall some p-adic analytic results of Hida and Perrin-Riou. In particular, we 
recall the construction of a p-adic modular form Ga S M2{Tq{Np°°), A) (a space defined at 
the beginning of 32) for each a G Ga\{Hs/K), with the property that 

logp(7o)-/:/,iW= J2 vi'')Lf{G.) 

for every character rj of Ga.\{Hs/ K). Here Lj is a linear functional 

Lf : M2(ro(iVp°°),^) ^ B 

which plays the Hida-theoretic role of taking the Petersson inner product with /. 

Perrin-Riou gives an explicit formula for the Fourier coefficient am (Go-) when p divides 
m (Proposition 12.0.5]) . and in Sections HI [SJ and [S] we adapt the methods of Gross-Zagier 
and Perrin-Riou to compute (to the extent necessary) the Fourier coefficients of F^. More 
precisely, each Fourier coefficient has a decomposition over the finite places oi Hs, am{F„) = 
'^^am(F(,)v, arising from the decomposition of the p-adic heights in ([5]) into local p-adic 
Neron symbols on Xq{N)/h^ ^. For v lying above a rational prime ^ p which splits in K, 
o.m{Fa)v — (Proposition 14. 0T8|) . For v above a nonsplit rational prime £ 7^ p we derive an 
explicit formula (Proposition I5.4TT]) for '^^\iOim{Fa)v similar to formulas of Gross-Zagier. 
For I p we can offer no explicit formula for am{Fa)y, instead we show that the contribution 
of am{Fa)p to a,n{Fcr) is killed by the operator Lf (Proposition IG . 2 .2]) . This is where we must 
impose the condition e(p) — 1, although Proposition 16 . 2.2] should also hold when e(p) = — 1. 
Comparing these calculations with the Fourier coefficients of Ga, we conclude that 

Lf{U^%l-U^)G,.)=Lf{F,), 

and Theorems El and IB] follow easily (see ^J7]for the details). 

0.2. Notation and conventions. The data K, p, N, D, /, Aq, and {hg} are fixed through- 
out. We continue to assume, as in i jO.li that Aq contains the Fourier coefficients of all nor- 
malized primitive forms of level N. We typically do not assume that D is odd or ^ —3, —4, 
or that e(p) = 1, unless explicitly stated otherwise. The parity assumption on D is needed 
only for the results of Perrin-Riou cited in ^ The condition e(p) — 1 and D 7^ —3,-4 is 
used in the calculation of local Neron symbols above p in [jSl 

If M is any Z-module of finite type and r is a rational prime we set Mr = M (E)z Z^. For 
any integer n, any order O d K, and any proper fractional O-ideal a, we denote by ra{n) 
the number of proper, integral O-ideals of norm n whose class in Pic(C') agrees with that 
of a. The order O will usually be clear from the context. If there is any ambiguity we will 
write rao{n)- Since complex conjugation acts by inversion on Pic(O), ra{n) — r(,-i(n). We 
define Ra{n) to be the number of proper, integral O-ideals of norm n in the O-genus of a; 
that is, such that the image in Pic(C')/Pic(C')^ agrees with the image of a. For any integer 
k we set 

j^^^ 2#{pi'i™c divisors of {k,D)} 

The reciprocity map of class field theory is always normalized in the arithmetic fashion. 

I. Preliminaries on elliptic curves 

1.1. CM points, Heegner diagrams, and Serre's construction. Let S be an Ok- 

scheme and let O — 0[c] C Ok be the order of conductor c. Assume (c, N) = 1. An elliptic 
curve E —i' S is said to have CM by O if there is an embedding O End5'(£'). We always 
assume that such an embedding is normalized, in the sense that the action of O on the 
pull-back of the tangent sheaf of E by the identity section agrees with the action given by 
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viewing the structure sheaf of as a sheaf of O-algebras. We say that O is the CM-order 
of E, or that E has CM by exactly O, if this action does not extend to any larger order. A 
Heegner diagram of conductor c over S, h, is an O-linear cyclic iV-isogeny of elliptic curves 
h : E E' over S, such that E and E' both have CM by exactly O. An isogeny of 
Heegner diagrams means an isogeny of the underlying ro(iV)-structure; i.e. a commutative 
diagram 

Eq ^ E'q 

f f 
E,^E[ 

in which the vertical arrows are isogenics of elliptic curves over 5, and the map / takes 
the scheme-theoretic kernel of /iq isomorphically to the scheme-theoretic kernel of /ii. The 
degree of such an isogeny is defined to be the degree of /, which is also the degree of /'. Any 
Heegner diagram h over 5* gives rise to an S'- valued point of Xq{N) /z, which we also denote 
by h. Since Xq{N) is not a fine moduli space, Heegner diagrams which are not isomorphic 
over S may give rise to the same S*- valued point on Xo(A^). 

li E/g is an elliptic curve with CM by O and a is a proper fractional O-ideal, a theorem 
of Serre |Con03[ Theorem 7.2] guarantees that the functor from ^-schemes to O-modules 
T i-> E{T) ®o ci is represented by an elliptic curve which we denote by E ®o ci- Define 
E^ = E ®o As in jCon03[ Corollary 7.11], this construction extends to Heegner 

diagrams, and so to any Heegner diagram h : E E' oi conductor c over S and any o as 
above, we obtain a new Heegner diagram 

: E'°. 

If 5 = Spec(C) and E is an elliptic curve over S with CM by exactly O, then E{C) = 
C/b for some proper fractional O-ideal b, and we have an analytic isomorphism i?"(C) = 
C/a~^ b. By the Main Theorem of Complex Multiplication, the right hand side is analytically 
isomorphic to E" {C) for any a E Aut(C//'ir) whose restriction to H[c] (the ring class field of 
conductor c) agrees with a under the Artin map Pic(C') = Ga\{H[c]/ K). In particular E has 
a model over H[c], E°' and i?" are isomorphic over C, and Ga\{H[c]/ K) acts transitively on 
the C-isomorphism classes of elliptic curves over H[c] with CM by exactly O. Similarly all 
Heegner diagrams over C of conductor c have models over the ring class field of conductor 
c. If /i is a Heegner diagram of conductor c defined over H[c], we define the orientation of 
h to be the annihilator in O of the kernel of h : E{C) — > E'{C). It is an ideal Af oi O such 
that O/N' = Z/NZ. Then Gal{H[c]/ K) acts transitively on the C-isomorphism classes of 
conductor c Heegner points with a given orientation. 

1.2. Hecke action on CM points. Let £ denote the set of lattices in K, modulo multi- 
plication by _ftr^ . The A' ^ -class of a lattice L will be denoted [L]. For any [L] S £ we define 
the conductor of [L] to be the conductor of the left order of L; that is, the conductor of the 
order 0{L) = {a € K \ aL C L}. Every lattice of conductor c is represented uniquely (up 
to action) by an element of Pic(C'), where O C K is the order of conductor c. 

We have the usual action of Hecke operators {T„j} on formal sums of classes in £, which 
we wish to make explicit. The following lemma is an elementary exercise. 

Lemma 1.2.1. Suppose we are given orders O and O' of K of conductors c and d, respec- 
tively, and a proper fractional O-ideal c (resp. O' -ideal d). If c\d then the multiplicity of [c] 
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in the formal sum T„i[t)] is equal to r^u-iQ{mc/d). If instead d\c, then the multiplicity of [c] 
inT.nM 9^■"en by \0"'\\0'' \-^r,-t,-ia'{md/c). 

Lemma 1.2.2 (Euler system relations). With notation as in the introduction and 2u = 



Proof. We give a brief sketch of the proof of the first relation. Let be a proper O^+r-ideal 
such that C/5 = Es+r{C), and for any < t < s + r, set Of = Wt, so that Et{C) = C/O*. 
By the theory of complex multiplication, the complex elliptic curves underlying the Fq (N)- 
structures appearing in the divisor Norm//^^^///^ (/ig+r) are exactly the complex tori of the 
form C/D' where t)' is a proper Os+t-ideal satisfying O'C^ — 5s • Using Lemma [1.2. 1[ such 
a O' occurs exactly once in the formal sum rpr[5s], and does not occur in Tpr~i[ds-i]- As 
the formal sum of lattices Tpr [D^] — Tpr—i [Os-i] has degree p"^ , it must be exactly the formal 
sum of [d'] with £)' as above. □ 

1.3. The Serre-Tate theorem. We recall the Serre-Tate theory of deformations of elliptic 
curves. More detail can be found in jCon03[ §3] and jGor021 Chapter 6]. Let fc be a field of 
nonzero characteristic i and define Ck to be the category of local Artinian algebras {R, mu) 
with residue field k, together with a chosen isomorphism R/xtiu = k, with morphisms given 
by local algebra maps inducing the identity on k. Given an elliptic curve E — >■ Spec(fc), 
and some R £ Ck, we define a deformation oi E to R to be an elliptic curve Eji — >■ Spec(i?) 
together with an isomorphism between the closed fiber of En and E. Similarly, we may 
define the notion of a deformation of the ^-divisible group of an elliptic curve over k. For 
{R, mji) an object of Ck, let DEF^j denote the category of pairs {E, G) where E is an elliptic 
curve over k and G is a deformation to R of the ^-divisible group of E. A morphism from 
{E, G) to {E' , G') is a pair (/, <j)) where f : E E' \s & morphism of elliptic curves over 
Spec(fc) and (j) : G G' is a map of ^-divisible groups such that the base change of to 
the closed fiber is the map on ^-divisible groups over Spec(fc) induced by /. 

Theorem 1.3.1 (Serre-Tate). For any obect {R^mn) ofCk, the functor from elliptic curves 
over R to DEF^ which sends E to the pair {E x j^k, E[£°°]) is an equivalence of categories, 
where E[£°°] denotes the (.-divisible group of E. 

Now assume that k is algebraically closed and fix an ordinary elliptic curve E over k. 
We have E[£°°] = pL^^ ® Q^/Z^ as i'-divisible groups over k. For any R e Cr there is a 
distinguished deformation of the ^-divisible group of E to an ^-divisible group over R, namely 
the deformation /i^oo ©Q^/Z^. Applying the Serre-Tate theorem, we obtain an elliptic curve 
over R called the Serre-Tate canonical lift oi E to R. 

As explained in |Con03[ §3], a theorem of Grothendieck allows one to replace "local 
Artinian" by "complete local Noetherian" in the definition of Ck, and the discussion above 
holds verbatim. 




Tpr{hs) = ^orvcLH^^jHS^s+r) +Tpr-l{hs-l) 



if r, s > 0, and 




1. 



2. The p-ADic X-function 



In this section we quickly recall the essential properties of Hida's p-adic L-function C / 
and Pcrrin-Riou's calculation of its linear term. We refer the reader to |Hi851 INek95[ IPR87aj 
for more detailed treatments. Assume that D is odd. Recall that Ao C Q'^'^ is the ring of 
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integers of a number field with closure A in Q^'^, B is the fraction field of A, and a E A^ 
is the unit root of — ap{f)X + p. 
Set 

M2(ro(A^/),^) - Af2(ro(A^/), A) ®Ao A 
and let M2{To{Np°°),A) be the completion of UkM2{ToiNp''),A) with respect to the p- 
adic supremum norm on Fourier coefficients. To any s > 0, a € Gal{Hs/ K), and integer 
C prime to Dp, Perrin-Riou [PR87a| §2.2.3] associates a measure $^ on Zp with values in 
the space M2{ro{Np°°),A). These are compatible as s and a vary in the following sense: 
there is a measure on Gal{Hoo/K) x with values in M2{Tq{Np'^),A) such that for 
any continuous characters 

such that 77 factors through Gal(Hs/ K) we have the relation 

JGal(H^/K)xZ,- aeG.KH,/K) "^Z? 

inM2(ro(iVp°"),^)^®^ Q^'s. 

Use the notation to denote Hecke operators acting on modular forms of level To{Np°°), 
to distinguish them from the operators on level Tq{N). Define Hida's ordinary projector 

§7.2] 

6°'"' ■.M2{To{Np°°),A) ^ M2{To{Np),A) 

by e°'^^{g) — lim/j^oo U'''{g), where U = Tp is given by J7(^ a„(7") = ^ a„pg" and the fimit 
is with respect to the supremum norm on Fourier coefficients. Define modular forms of level 
ToiNp) by 

/o(z) = fiz) - ^f{pz) h{z) = f{z) - afipz). 

a 

These are eigenforms for all Hecke operators Ti, and satisfy ai{fo) = ai(f) = (/i) if ^ 7^ p, 
and ap(/o) = a, ap(/i) — p/a. The B-algebra generated by the Hecke operators Ti with 
{£,Np) — 1 acting on M2{To{Np), A) (E>a B is semi-simple, and so contains an idempotent 
6/ such that Cf o Ti — ae{f)ef. By |Hi851 §4] there is an idempotent e/g in the algebra 
generated by all Hecke operators Ti, such that CfgoTi = ae{fo)efg for every £. As operators 
on modular forms, e/(, — ef^ef. Define a linear functional 

lf:M2{T„{Np°°),A)(g>AB ^ B 

hylf(g) = ai{efoe°'"^g), and set L/ = {l~p/a'^){l-l/a'^)lf (this is denoted Lf„ in |PR87a) '). 

Lemma 2.0.2. The linear functional Lf : M2{To{Np°°), A) ^aB B satisfies 

(a) Lf = Lfoe°"^, 

(b) L/(/) = l-l/a2, 

(c) if g E M2{Tn{Np°°),A) is such that a,n{g) = for all {m,N) = 1, then Lf{g)^ 0, 

(d) for any positive integer m, Lf o Tm = amifojLf . In particular, Lf o U — otLf. 

Proof. The first claim is trivial, since e°''^ o e°'''^ = e"'*^. The second follows from lf{fo) = 1, 
lf{fi) = 0. If g satisfies am{g) = for all {m,N) ~ 1, then so does efe°'"^g, so we may 
assume that g has level Tq{Np) and that Tig — at{f)g for {£,Np) = 1. By Atkin-Lehner 
theory, g is a linear combination of fo and /i. Since ai{g) = 0, g must be a scalar multiple 
of fo ~ fi- But ap(/o — /i) ^ 0, so this scalar must be 0. The final claim follows from 
e/o ° = «™(/o)e/o- □ 
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Remark 2.0.3. Contrary to the proof of |Nek951 Proposition II. 5. 10], the weaker hypothesis 
that a.m{g) — for aU (m, Np) = 1 is not sufficient to conclude that Lf{g) = 0. The modular 
form g = fo — fi provides a counterexample. 

Whenever tp is a continuous character of F, we extend ip to a character of using the 
usual projection ( ) : T. We now define the p-adic L- function Cf of the introduction 

(compare jPR87a[ Definition 2.4], but note that Perrin-Riou's ip{C) — ip{FrohcoK) is our 
ip{C)^). For any continuous character ij ■ Ga\{Hac/K) x F, set 



/ rj ■ ip d^^ 



where C is chosen SO that {l-Ce{C){C)-^) e Zp[[F]]><. The resulting £/ e A[[Ga\{Hoc/ K)x 
F]](g)_4S does not depend on the choice of C. Any finite order character rj-il; of Ga\{Hca/K) x 
F determines a character 

x(b)=ry(Frobb)-^(N(b)) 

on ideals of Ok prime to p, and there is an interpolation formula [PR87a[ Theoreme 1.1] 
relating Cf{7],ip) to L{f,x, 1), where L{f,XT^) is the Rankin product of the L-function of 
/ and the L-function of the theta series associated to x- 

Proposition 2.0.4. Let 1 denote the trivial character ofT. Then £y(r/, 1) = for all 
continuous characters rj of Ga\{Hao/ K). Furthermore, in the notation of (QP, Cffi = and 

creGa\{Hs/K) 

for every character rj of Ga\{Hs/K), where Ga €= M2{Tq{Np°°) , A) is defined by 

Proof. Fix an integer s > 0. For each a £ Ga\{Hs/ K) define 

a function on continuous characters ■0 of F with the property that 

for any ip and any character ry of Ga\{Hs/K). By |PR87al Remarque 3.19] am(£'^(l)) = 
whenever p \ m, and so UC'^{1) = 0. Lemma r2.0.2f d') now implies L/(£°'(l)) = 0. Since s 
and rj were arbitrary, we deduce 1) =0 for all finite order ry, hence for all continuous 

T] (since £/( ,1) £ A[[Gal{Hao / K)]] This is equivalent to £/,o — 0. Finally, recall 

that ( ) denotes the projection Z^ — >■ F and compute 

t^o t ^ dt 

a^Gai(Hs/K) 

= S T 

a&Gai(Hs/K) 
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where in the second equahty we have used the fact, proved above, that Lf J^x 1 = 0- 

Differentiating under the integral and using logp(7o)/3/,i(?7) = hmt_j.o j^fiv^ ( )*) proves the 
claim. □ 

Fix s > and a G Gal(Hs/ K). Choose a proper integral Og-ideal, a, such that the class 
of a in Pic(C's) corresponds to a under the Artin symbol. For any positive integer n prime 
to p and any positive divisor d\n, define 



eain,d) 



(^) {-^) Xd,,dMOk) if gcd(d,nM^) 
otherwise 



where D — D1D2 is the factorization into fundamental discriminants with {d, D) — \D2\ 
and xdi,D2 is the associated genus character. That is, the quadratic character of Pic(Oif ) 
associated to the extension K{^/Di) = K{^/D2). Set 

= H e^{n,d)\ogj,{n/d^). 

d|,i 

d>0 

Proposition 2.0.5. (Perrin-Riou) For any positive integer m divisible hyp, the to"^ Fourier 
coefficient of Ga is given by 

am(Go-) = - r„^^{m\D\ - nN)a'„in) 

(",P) = 1 

where 0^ = {\/DOk) H Og. 

Proof. This is |PR87a[ Proposition 3.18], where G„ is denoted L'p„(^)- The missing minus 
sign in the statement of Perrin-Riou's Proposition 3.18 is a typographical error, as the proof 
makes clear. 

In Perrin-Riou's statement rat,, appears as r„/ where a' — Da, and (p. 484) "S est le 
Os-ideal engendre par That is, D — \fDOs 7^ Os. Later, on p. 486, Perrin-Riou 

writes "Lorsque s = 0, a' et a sont equivalent" , although under the stated definition of S 
they are equivalent even when s ^ 0, suggesting that an unannounced change of notation 
has occured. The formulas of [PR87a| §3.2.3] are correct with J) defined as above, while 
those of |PR87a[ §3.3] are correct with S) replaced by our 0^. Especially, in the proof of 
|PR87al Lemme 3.17] one must interpret 2) as our 0^ in order to pass from equation (3.7) 
to (3.8) ("On remplace ensuite n par 62n..r). The key point is 

in which 5 = \D\ ~ 6182 and is the Os-ideal of norm 5i (the equality is seen by using the 
map on Og-ideals b S)2b to identify the sets of ideals being counted). Using S)^^S)2 = 
in Pic(Os), one obtains the correct formula. Also, the first displayed equation in the proof 
of |PR87a , Lemme 3.17] appears to be in error; the two p-adic modular forms in the second 
equality differ by shifting Fourier coefficients by 5i (see |PR87a) (2.4) and Lemme 3.1). This 
misstatement has no effect on the proof. 

Perrin-Riou's a is our a~-^, but both raD, and ctJ, are unchanged by a oT^ . For ct„ this 
is obvious; for Toj,, use the fact that inversion agrees with complex conjugation in Pic(C's), 
the fact that complex conjugation preserves norms, and the fact that Os has order two in 
Pic(Os). □ 
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Lemma 2.0.6. Suppose that n is prime to p and that there exists a proper integral Og-ideal 
b in the Pic{Os)-class of a with N(b) = —uN (mod Dp). Then 

( if e{e) = 1 

'^aW =El°gpW- 1 0Tdiiin)6{n)R,„,{n/i) if e(f) = -1 
e\n [ OTdiin)S{n)Rancin/i) if e(^) = 

where in the second and third cases n is any integral O s -ideal of norm N and c is any proper 
integral Og-ideal with N(c) = —£ (mod Dp). 

Proof. By |GZ861 Proposition IV. 4. 6(b)], the stated equality holds with Ranc{n/£) replaced 
by RancOKi^/^)^ that is, if we count integral Oif -ideals of norm n/i in the O^f-genus of 
ancOA'. So, we only need show that Ranc{n/£) = RancO k i''^ / ^) under the stated hypotheses. 
The map / IOk takes the collection 9ianc{n/£) of proper O^-ideals of norm n/£ in the 
Os-genus of anc injectively to the set ^ancOKi^/^) of proper O^-ideals of norm n/£ in the 
Oif-genus of oncOx- It suffices to show that this map has an inverse. More precisely, we 
show that the map J i— >■ J Ci Og from integral Oif-ideals of norm prime to p to integral 
Os-ideals of norm prime to p restricts to a map T^-ancOjc ('^Z-^) — >■ T^anc{n/£). 

Suppose / = Jn Os is an integral Os-ideal of norm n/£ such that J S ^HancO^ ('*/^)- 
p* = (— l)^2~p. Genus theory (for example, |Cox89[ §6. A] discusses the genus theory of Ok 
at length, and that of Og is similar) gives a canonical isomorphism 

Pic(a)/Pic(a)' = Pic(OA)/Pic(OA)' X Ga\{K{s/p^)/K) 
under which the Og-genus of / is sent to the OA-genus of J = IOk in the first factor, 
and to its Artin symbol ( ,., /, , , ,, | = ( -p^rri^SrfT^ I in the second factor. The same holds 
with / replaced by bnc, and since the CA-genera of J and bncOA agree by assumption, 
/ € lHanc(n/£) = d\bn.{n/£) if and only if 

N(/) \ _ / N(bnc) 

M{VW)/Q) " VQ(\^)/Q. 

which occurs if and only if (^^^^^ = ^ N((inc) ^ Since N(/) = n/£ and N(bnc) = nN'^£ 
(mod p) we are done. □ 

Corollary 2.0.7. Let k G Gal{Hs/ K) be the Artin symbol o/Oj. For any positive integer 
m divisible by p, the to"^ Fourier coefficient of G^k is given by the expression 

( if e{£) = 1 

- J2 Illogp(^) • ra{m\D\ -nN)-\ ord,(£n)(5(n)i?„n,(n/^) if e{£) - -1 
^->l^ i\n [ OTde{n)S{n)R^^,{n/£) if e(£) = 

where in the second and third cases n is any integral Og-ideal of norm N and c is any proper 
integral Og -ideal with N(c) = —£ (mod Dp). 

Proof. Combine Proposition 12.0.5) and Lemma l2.0.6l and use cr„ — cr'ai}, (which follows from 
the definition of a' and the fact that (3sOk is principal) and = 1. □ 

3. The p-ADic height pairing 

In this section we recall some known facts about p-adic Neron symbols and p-adic height 
pairings on abelian varieties and, when the abelian variety is the Jacobian of a curve, the 
connection with p-adic Neron symbols and intersection theory on the curve. 
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3.1. Intersection theory. Let R be complete DVR, S = Spec(i?). Let 2L ~^ S* be an 

integral, proper scheme over S with generic fiber a smooth curve X, and suppose C_ and D_ are 
effective Cartier divisors with no common components. Define the intersection multiplicity 
hi^jH) at a closed point y of X to be the length of the C'(X)y-module 0{X)y/{f,g) 
where / and g are defining equations of C_ and D_va a, neighborhood of y. Define the total 
intersection multiplicity i{C_,D) = J2y'^vi^'I2)[k{y) '■ k{s)] where s is the closed point of S 
and the sum is over closed points of X_ 

We now assume that X is regular (in particular we need not distinguish between Weil 
divisors and Cartier divisors), and record some fundamental properties of the total inter- 
section multiplicity. We refer the reader to |Gro85] and |La881 Chapter III] for details. 
The total intersection multiplicity is bi-additive, and so extends to divisors with rational 
coefficients. We define, for C and D degree zero divisors on X with disjoint support, 

[C, D] = i{C + C ,D) = i{C,D + D') 

where C_ and D. are the horizontal divisors on X whose generic fibers are C and D, re- 
spectively, and C (resp. D') is a fibral divisor with rational coefficients chosen so that the 
symbol i{C_ + C , ) (resp. i{ ,D. + D')) vanishes on all fibral divisors. Let L be the fraction 
field of R and let v denote the normalized valuation on L, so that v{m) = 1 for a uniformizer 
TT. If C = (/) is a principal divisor then [C, D] = v{f{D)) where D = J2 ni{Di) is a linear 
combination of prime divisors Di with residue field Li and 

(6) /(I?) = nNL,/L(/(A)"')- 

i 

3.2. p-adic Neron symbols I. Wc now define local p-adic Neron symbols on abelian va- 
rieties. The contents of this subsection are taken from jPR87a[ §4] essentially verbatim. 

Let ^ be a rational prime and L a finite extension of Qf. Let A be an abelian variety over 
L and assume that either i p or that A has good reduction. Fix a nontrivial continuous 
additive character p : — >■ Tip. It £ — p we assume that p is ramified. 

Proposition 3.2.1. There is a Qp-valued Neron symbol (£, d) — {€, d) A,p defined whenever 
£ is an algebraically trivial divisor on A, d is a zero cycle of degree zero on A rational 
point-by-point over L, and the supports of £ and d have no common points. This symbol 
satisfies 

(a) ( , ) is bilinear (whenever this makes sense) and invariant under translation by 
elements of A(L), 

(b) if € = (h) is principal then (£, d) — p{h{d)), where h{d) = Y[ - f{di) is defined as in 

(c) for any endomorphism cj) : A — > A, {(j)*€,d) = (£, 

(d) for any xq S A{L) and any £ as above, the function x (£, (a;) — (xq)) is continuous 
for the i-adic topology on A{L), 

(e) if £ = p, L' is a finite extension of L contained in the Tip-extension of L cut out by 
p, and ^ is a degree zero divisor on Ajj^i , then 

(Ni,/Le:,d) cc-V(NLVL(i')) 

whenever this is defined, for some constant c^Tp independent of L' , £, and d. 

Furthermore, if I ^ p, or if £ = p and A has ordinary reduction, then such a symbol is 
unique. 



14 



BENJAMIN HOWARD 



Proof. In the case £ ^ p, oi £ ~ p but A has ordinary reduction, see the references after 
[PR87a[ Theoreme 4.2]) for existence. In the case £ = p with non-ordinary reduction, the 
existence is |PR87a[ Theoreme 4.7]. The translation invariance is not stated expHcitly by 
Perrin-Riou, but fohows from the construction as in [Bl80l Lemma 2.14]. We sketch the 
proof of the uniqueness. If ( , )' is another such symbol then we may define 

G(e:,a.) = (£, (x) - (0)) - (£, (x)-(o))'. 

This defines a function {L) x A{L) — > Qp which is linear in the first variable and 
continuous in the second. Using translation invariance and the theorem of the square |Mil861 
Theorem 6.7], one can show that G is also linear in the second variable. Hence for fixed 
£, G(£, ) defines a continuous linear map A{L) — )• Qp. li £ p this map must be 
trivial for topological reasons, li £ — p and A has ordinary reduction, then also has 
ordinary reduction, and [M az72i Proposition 4.39] implies that the universal norms from 
the (ramified) Zp-extension cut out by p have finite index in A'^{L). From this and the 
boundedness property (e), we see that G is identically zero. □ 

When £ ^ p the Neron symbol is compatible with base extension in the following sense. 
If L' /L is a finite extension. A' ~ Ax^ L', and p' = po'^L'/L, then 

(7) {G:,d)A'.y ^{^L'/L^^d)A,p 

for £ an algebraically trivial divisor on A' and d a point-by-point rational zero cycle of degree 
zero on A. This allows us to remove the hypothesis in Proposition 13.2.11 that d is rational 
point-by-point, by choosing an extension U / L over which d becomes pointwisc rational and 
defining 

{G:,d)A^P^[L' ■.L]-\€,d)A',p'■ 
This is independent of the choice of L' by ([7]). Property (b) of ProDOsition l3.2Tl continues to 
hold for this slight extension of the Neron symbol, provided that one extends the definition 
of h{d) as in 

When £ = p the Neron symbol on A may not uniquely determined by the properties above, 
but one can choose a compatible family (in the sense that ([7]) holds) of Neron symbols 
( , )a',p' as L' varies over the finite extensions of L. Again, this allows one to remove 
the hypothesis that d is defined point by point. Perrin-Riou only states the existence of 
compatible families for subfields of the extension of L cut out by p, but the same argument 
holds for all finite extensions. 

Remark 3.2.2. Although the choice of a Neron symbol on A in residue characteristic p is 
(sometimes) not unique, our results do not depend on the the choice. Hence we fix, once 
and for all, a choice of Neron symbol on Jo{N)hs,v for every s and every prime v of Hs 
above p, with the understanding that these choices are compatible as s varies in the sense 
of©. 

Now suppose that A is the Jacobian of a smooth, proper, geometrically connected curve 
X over L, and that X has an L-rational point oo. Let a : X — > A he the canonical 
embedding x i— > (x) — (oo)- Suppose we are given degree zero divisors C and D on X with 
disjoint support. Pullback by a restricts to an isomorphism a* : Pic°(A) Pic^{X), and 
so there is an algebraically trivial divisor £ whose associated line bundle pulls back to the 
line bundle associated to G. Thus G ~ a*<t + (/) for some rational function f on X. The 
pair (£, /) may be chosen so that (/) is disjoint from D and then it follows that £ has no 
points in common with a^,D. We now define 

(8) (C, D)x,p = (£, a,D)A.,p + p{I{D)), 
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where f(D) is defined by ©• This is independent of the choice of £ (by Proposition l3.2. iF b) ) 
and the choice of / (which is determined up to once £ is chosen). 

3.3. p-adic Neron symbols II. Identifying F with the Galois group of the unique Zp- 
extension of Q via the cyclotomic character, the reciprocity map of class field theory and 
the p-adic logarithm define an idele class character 

PQ : A^/Qx ^ r ^ Zp. 

Fix a finite extension L/Q, let be the idele class character of L defined by = pqoN^ /q. 
Fir each finite place v of L, let tt^ be a uniformizer of Ly and let N(ti) denote the absolute 
residue degree of v. We may decompose pL — J2vPl^ ^is a sum of local characters, and 
then pL^{Tfv) = logp(N(w)) for any prime v not above p. We note that this does not agree 
with [PR87al p. 501], which seems to be in error (note also the remarks of [Nek95[ §11.6.4]), 
although perhaps this is attributable to a different normalization of class field theory. We 
remind the reader that we always use the arithmetic conventions. 

Let A be an abelian variety over L with good reduction above p. Summing the local 
Neron symbols ( , )„ = ( , )a^,pl^ the completions Ay — A x l Ly defines a bilinear 
pairing on Mordell-Weil groups 

(9) ( , )a,l:A''{L)xA{L) ^ Qp. 

Indeed, given a E A"^ (L) and b e A{L), let € be an algebraically trivial divisor on A which 
represents a and let d = '^ni{di) be a zero cycle of degree zero on A with '^Uidi = b. 
These can be chosen so that € and d have no points in common and we then define 

where the sum is over the finite places of L. A different choice of C changes the pairing by 

^((/i), d)y ^ J2 PLAm) - PL{h{d)) = 

V V 

for some rational function h on A. Now fix £ and consider the expression ^^(£, 
We have just seen that this depends only on the linear equivalence class of £ (which is 
translation invariant), and thus the translation invariance of each ( , )y shows that '^)^ 
is translation invariant in the second variable (with £ held fixed). From this one may deduce 

5](£,d)„=^(£, (6)-(0))„, 

V V 

and so the left hand side depends only on b and not on the choice of d. 

Now suppose X is a proper, smooth, geometrically connected curve over L with an ir- 
rational point, and that A is the Jacobian of X. Let a : X — A he the associated canonical 
embedding. For each place w of L we have from ^13. 21 a Qp-valued symbol ( , )x^,pl^ on 
disjoint divisors on Xy = X Ly. By summing over all places, we obtain a symbol 

(10) ( , )^,L=5]( , )x„,p,, 

V 

defined on degree zero divisors of X with disjoint support. This pairing descends to a 
(symmetric) pairing on linear equivalence classes (this follows from Proposition I3.3.2f a.b) 
below and the fact that p = 'YliyPL^ vanishes on L^). In particular, ( , )x,l extends 
bilinearly to all pairs of degree zero divisors, without the assumption of disjoint support. 
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Remark 3.3.1. As ( , )x.l is defined on linear equivalence classes, it descends to a bilinear 
pairing 

( , )x,L ■■ A{L) X A{L) ^ Qp. 

which agrees with the pairing — ( , )a,l when one identifies A = A"^ via the canonical 
principal polarization |PR87al §4.3]. 

Proposition 3.3.2. Let v be a prime of L above a rational prime £. The local Neron symbol 
{C,D)y = {C, D) x^.pi^ , defined on degree zero divisors on Xy with disjoint support, satisfies 

(a) ( , )v is symmetric and bilinear, 

(b) if C — (/) is a principal divisor then (C,D)y = PL^{f{D)), 

(c) if T is a correspondence from X to itself and is the dual correspondence, then 

{TC,D)y = {CXD)y, 

(d) for do £ X^[L^) — supp(C), the function on X^[L^) — supp(C) 

d ^ {C, id) - (do)). 

is continuous for the v-adic topology, 

(e) if £ = p, L' is a finite extension of Ly contained in the cyclotomic Tip-extension of 
Ly, and C and D are degree zero divisors on Xy x^^ L' and Xy, respectively, then 

(N^VL.^'^)- C c-VQ,(NiVQ,(i')) 
whenever this is defined, for some constant c e Zp independent of C , D, and L' . 
Furthermore { , )v takes values in a compact subset of Qp. 

Proof. Properties (a)-(e) are direct consequences of the analogous properties of the Neron 
symbol on A in Proposition l3 . 2 . ll except for the symmetry (which is stated without proof in 
|PR87a] . but can be deduced from the construction of the pairing of Proposition 13 . 2.1] ). For 
the final claim one uses the finite generation of the p-primary part A{Ly) as a Zp-module 
and the specified behavior on principal divisors. □ 

Proposition 3.3.3. For any prime v of L with residue characteristic ^ p and any degree 
zero divisors C and D on X^ with disjoint support, 

{C,D)y^\ogpmv)) [C,D] 

where [C, D] is the pairing of '^3.1\ for any regular, integral, proper scheme X_ over the integer 
ring of Ly whose generic fiber is Xy . 

Proof. Using the discussion of !j3.1[ one can show that the right hand side satisfies properties 
(a)-(d) of Proposition l3.3.21 and so it suffices to show that these determine ( , )y uniquely. 
This is similar to the uniqueness argument of Proposition 13.2.11 the difference of two such 
symbols would define a continuous bilinear function A{Ly) x A{Ly) — >■ Qp, which must be 
trivial for topological reasons. □ 

4. Intersections on modular curves 

Fix s > and a G Gei\{H s / 1^) ■ Let £ be a rational prime, v a place of Hg above t, F 
the completion of the maximal unramified extension of i?s,t), W the integer ring of F, and 
m the maximal ideal of W. Set Wn = VF/m""*"^. We denote hy X — Xo{N) /z the canonical 
integral model of |KM85) . and set X = X XzW. 
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Definition 4.0.4. Given elliptic curves with ro(A^)-structure x and y over Spec(VF), we 
define HomvF„(yj2)dcg(m) to be the set of degree m isogenics (of elliptic curves with ro(A^)- 
structure, in the sense of 

Proposition 4.0.5. Let x,y e X_(W) represent elliptic curves with To{N) -structure over 
W , and assume that these sections intersect properly and reduce to regular, non-cuspidal 
points in the special fiber. Then 

i{x,y) = ^ X! |Homiv„(y,x)dog(i)|. 

n>0 

Proof. This is |GZ861 Proposition III.6.1], or ICon03[ Theorem 4.1]. □ 

Now assume t ^ p and fix an integer m — mop^ with r > and (toq, Np) — 1. Choose 
an embedding Hoo ^ F extending Hg ^ F. Recall the notation 

hs r = NormH,+,/H, (hs+r) ds.r = ^OrniH^^^/Hs (4+r) 

of the introduction. For any t >0, let be the Zariski closure (with the reduced subscheme 
structure) of ht G X{F) in X and let Tma{h,s r) be the horizontal Weil divisor on X with 
generic fiber T„ig{h'^ j.). By the valuative criterion of properness, the closed subscheme /is^.^ 
has the form Spec(W^) — )• X. Moreover, the section hg_f_r arises from a Heegner diagram 
defined over W. Indeed, by jCor021 Proposition 1.2] or ^SeTa691 Theorems 8,9] the point 
/is+r G X(Hs+r) arises from a Heegner diagram over Hg^r with good reduction above £, and 
so the section h^^^ represents the Neron model over W of this Heegner diagram. Taking 
the quotient of h^^r by its pOs+r-i-torsion, we obtain a Heegner diagram represented by 
the section hg^j,_i e 2LiW), and so on through all lower conductors. In particular we now 
have a p-isogeny of Heegner diagrams defined over W 

(11) ^s^^^l- 



Fs-1 ^^s-l- 

Although the expression for the local Neron symbol at ^ p in terms of intersection 
theory requires working on a regular model (which X is not when £\N) and modifying the 
divisors in questions by a fibral divisor, in our situation these details can be ignored: 

Proposition 4.0.6. Suppose £ p and < t < s. Then 

{ct,T„,,idlr))v = logp(N(tO) • i{h^,T„.,{hl,)), 

where the pairing on the left is the local Neron symbol on X/j^^ ^ o f Provosition [5. S. 2\ and i 
is the intersection multiplicity on X_ of '> \3.1\ 

Proof. As in jGZ861 Proposition HI. 3. 3], together with Proposition 13.3.31 □ 

Remark 4.0.7. In order to make sense of i{hn,Tmo{\^g when £\N we need to justify why 
the prime Weil divisors occuring in Tmo{\fsr) ^'^'^ locally principal, so that Tmo{\fs.r) 
be viewed as a Cartier divisor. The geometric points of Traa()^1 r) occur in the support of 
Tjn{h1). If i\N then these points represent Heegner diagrams which are prime-to-^ isogenous 
to /ij, and so are all defined over F. Arguing as in |Con03[ Corollary 2.7] (Conrad's p is our 
£), the Zariski closures of these points on X_ are sections to the structure map )£_ — >■ Spec(VF) 
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and lie in the smooth locus. In particular, the associated ideal sheaves are locally free of 
rank one. 

Proposition 4.0.8. Suppose i ^ p and e{£) = 1. Then for allO <t < s, {ct,Tmo{<i'^ r))v = 
0, where the pairing ( , )y is as in Proposition \4.0.'6\ 

Proof. By Proposition l4.0.6l we must show that i(ht,Trao{h^ r)) — 0- The claim is unchanged 
if we replace W by the integer ring of a finite extension of F. Doing so, we assume that the 
divisor Tm(,(hJ^) is defined point-by-point over F and that the horizontal divisor T„iq{A1 ^) 
on X is a sum of sections to the structure map, each of which represents a Heegner diagram 
over W whose conductor divides mp" and has exact valuation s + r > t at p. Let x be one 
such Heegner diagram, and let O and O' be the endomorphism rings of x_ and its closed 
fiber, respectively. These are orders in K, as x_ has ordinary reduction, and O C C. By the 
Serre-Tate theorem, O is the intersection (in K (E) Q^) of C and O (g) Z^, therefore 

ordp(cond(0')) = ordp(cond(e')) = s + r > t. 

The same argument shows that the valuation at p of the conductor of the CM order of the 
special fiber of /i^ is i, and so the Heegner diagram is distinct in the special fiber from all 
Heegner diagrams appearing in T„ig{h.'^j.). By Proposition 14. 0.5[ i{ht,T,ng{h'^^^j) — 0. □ 

5. NONSPLIT PRIMES AWAY FROM p 

In this section we examine the local Neron pairings between Heegner points at places 
lying above rational primes p which are nonsplit in K. The methods are based on those 
of Chapter III of jGZ86) . and this portion of Gross and Zagier's work has been reworked 
and rewritten by Conrad jCon03! with the addition of considerably more detail. 

Keep the notation of [jH and assume £ p is nonsplit in K. In particular £ \ N. Fix a 
prime v of Hs (with s > 0, as always) above £ and an integral Os-ideal a of norm prime to 
D£p whose class in Pic(C's) represents a under the Artin map. We denote by I the unique 
prime of Og above £ (we sometimes let [ denote the O^-ideal IOk', a mild abuse of notation). 
If e{£) = —1 then [ = £Os is trivial in Pic(Os), I splits completely in Hg, and v has absolute 
residue degree 2. If e{£) — then = £Os and I is not a principal ideal of Os (if D is not 
prime then IOk is not principal, if D — —£ is prime then I = n Os) is not principal 
since s > 0). Thus when e{£) = 0, [ has order 2 in Pic(C's) and again v has residue degree 2. 

5.1. Intersection via Hom sets. 

Proposition 5.1.1. For any integer m = ruop^ with (toqi Np) = 1; 

i£) ^ (iHom^JZ,^ /,.),,,,„,.) I - \norn^AhUAsWi^,)\) 
n>a 

(Cs-l,rmo(dL + l)>f = logpW (|HomH^„(Zis.Zis-l)dcg(mp)| ~ |HomM/„ (Zl°_ i , ZJ^- 1 )dog(m) I 

n>0 

where ( , ) y is the local Neron symbol on X/fj^ „ of Proposition \3. 3. 2\ and the Hom sets are 
those of Definition \4.ffm 

Proof. We will prove the first equality. The proof of the second involves only a change of 
subscripts. 

First consider the easy case where {£,mo) — 1. Then the divisor TmgC^s r+2) 
(recall that F is the completion of the maximal unramified extension of Hs^v , W is its integer 
ring, and 2L — Xo{N) /\y) is a sum of sections to the structure map. Hence the same is true 
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of the horizontal divisor r,„,-|(h^^_|_2) on X, and each section represents a Heegner diagram 
over Spec{W). Namely, if we fix an extension of a to Ga,l{Hs^r+2/ K) and an ideal a of 
Os+r+2 representing this extension, then 

(12) T^oiKr+2)=T.T.^slr+2/C 

b C 

where b runs over classes in Pic{0 s+r+2) which are trivial in Pic(C's), C runs over the order 
TOo-subgroup schemes of the Heegner diagram ^^^^ Spec(W^) and the subscript /C 

means the quotient by C (which makes sense since (mo, A^) = !)• Since £ does not divide 
mo, each C is etale (in fact constant), determined uniquely by its reduction to Wn for any 
n, and the decomposition (|T2|) holds over Wn- By Proposition 14.0.51 

ii!ls,T,noihlr+2)) ^ ^"+^+2/^) 

b C 

^ 2 l^°"^^"(-"+'~+2/C'-^s)deg(l)l 
n 6 C 

= 2 l^°™'^"(-°+'-+2'-s)dog(mo)li 

11 fa 

and by Proposition 14. Q.6l the first equality of Proposition 15 . 1 . Il follows once we show 
(13) 

|Homiv„(Zl°,Zls)dog(mp2)| = |HomM/„(/l°_;^,/lJdcg(mp)| +^ |HomvK„(Zl°+r+27/*s)dcg(mo)|- 

b 

The p'' "'"^-torsion on ft," is constant as a group scheme, and so the kernel of any degree mp^ 
isogeny / : — )• hg over W„ determines an order p''+^-subgroup of /i"(iy). By the Euler 
system relations of m.2[ every such subgroup is either the kernel of a map which factors 

through 0°:ft° /),°_;^, or is the kernel of the dual isogeny to c/)"''©- • •ot/)"'' : /i°'j_^^2 hi 
for some choice of b, and the two cases are mutually exclusive. Thus / has one of the two 
forms 

hi A hU ^ hi hlU2 ^ hs 

where -0 has degree either mp or mo (respectively). The equality (fT3)) follows. 

Now consider the case where I divides mo . This is considerably more involved, but nearly 
all of what we need is covered by the generality of |Con03[ §6] (which is based on |GZ861 
III §4-6]), to which we refer the reader for the proof of (|14p below. Write mo = mi£* with 
(£, mi) = 1. As above, the divisor (h^ ^_|_2) on X is a sum of sections, each of which 
represents a Heegner diagram over Spec(T4^), and we denote by Z the set of such sections 

Z = {hf+r+2/c I & e Kcr(Pic(0,+,+2) ^ Pic(0.))} 

where C runs over the order mi subgroup schemes of ft°^r^2- For each z G one has the 
expected (but much more subtle) equality 



i{hs,T^o{hl+r+2)) = Y.^{hs,T^.{z)) 
(14) = ^ ^ XI l^°"^M/„(^,ZlJdog(£')l 



2 

zeZ n>Q 



2 \^'^™-W„{hltr+2:hs)dcg{mo)\ 



n b 
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With this in hand, the remainder of the proof is exactly as in the case {£, mg) = 1. □ 

5.2. Inclusion-Exclusion. Our goal is, for any positive integer m with {m,N) — 1, to 
express the sum over n of 

(15) |Homvy„(/l°, /ls)dcg(mp2)| - \^OT[lw„{h'^_-^, hg)^cg(mp)\ 

-|Homvv„(/i°,/ij„i)dcg(mp)| + \iiomWr,{h'^-i,hs^i)dcg{ni)\ 
as a sum over elements in the quaternion algebra B — ^'^^AwaiKs) ®z Q. 
Lemma 5.2.1. Base change to the fiber induces a degree preserving injection 

liomw„{h°s,!ls) iiomw„{h",h^), 
and similarly for the other Hom sets occuring in il5\). 

Proof. This is |Con031 Lemma 2.1(2)] or jGor02i Proposition VL2.4(2)]. □ 
The isogeny (f> induces injections 

Homn/„(Zi°_i,Zis) -^^^ ilomw„{h.°,hg) — )• ilomwo{!l°,hs) 

llomy[r^{h°,h^_^) iiomiY„ {iChg) HomtVo (ft" , /i^ ) 

whose images we denote by L„ and L^, respectively. We also define M„ to be the image of 
the injective composition 

Iiomw„{h°_i,hg_i) ilo^w„{llt,lls) Homwoiht j lis) 

where the first arrow is given by / (-> 0^ o / o . Clearly Af„ C L„ D . The scheme- 
theoretic kernels 

ker {cj^-.E^ ^ E^_^) ker : Kl ^ S-i) 

are constant group schemes of order p over W . We define 

C = (ker (t>){Wo) C° = (ker (Wq). 

Definition 5.2.2. We will say that / e Homvi/„ (/i°, ft^) is stable if the restriction of / to 
the fiber /o : El{Wo) — )■ E^iWo) takes C° into C. We will say that / is unstable otherwise, 
and make similar definitions for maps from h^ to itself. It Z C llomw„ (iChg) is any subset, 
we will write Z^*'^^^'^ and 2'""^''*'^''' for the subsets of stable and unstable elements of Z. 

Lemma 5.2.3. Suppose m is any positive integer with (m, N) — 1. Base change to the fiber 
identifies the stable elements of degree mp^ in Homn/^ (/i° , ft^, ) with the degree mp^ elements 

Proof. Fix / e Homvv,^ (ft°, ftg) of degree divisible by p and prime to N. Letting /o de- 
note the restriction of / to geometric points as above, / is stable if and only if either 
/o(C°) = or /o(C°) = C. The first condition is equivalent to fo = go ° 4>° for some 
(?o G Homvj/o(£^"_]^,-E^). Since 0" has degree p it induces an isomorphism on ^-divisible 
groups over W„, and so the map on ^-divisible groups induced by g^ lifts to Wn. By the 
Serre-Tate theorem itself lifts to a morphism over Wm and so / € iv„. Now suppose 
fo{C°) — C. Since the degree of / is divisible by p we must have fo{E^s{Wo)[p]) = C, and 
so f^{C) = (/o^ o fo){m{Wo)[p\) = 0. Hence f^ = .go o for some .go G lAoinwMs-i^m). 
and so /o € as above. 
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Conversely, if /o G Ln U then either fo{C'^) = or f^iC) = 0. In the second case we 
compute the Weil ep-pairing 

This implies /o(:E"(Wo)[p]) C C, and so, in either case, /o(C"') C C and / is stable. □ 
Lemma 5.2.4. For any positive integer m with (m,N) = 1, the composition 

Homiv„(/i",/iJ Homvyo(Zj",ZiJ ^ Homvvo , ft, J 
taking f M- p/g identifies the unstable elements o/ Homvi/„(/i°, /ig)deg(m) w*^^ comple- 
ment of {Mn)dcg(mp^) i"^ {Ln H )(iog(mp2 ) (the dcgrcc mp^ elements of Mn and L„ n L^, 

Proof. First suppose we are given some / G Homvi/„ (ft", ft^); the claim is that pfo G M„ 
if and only if / is stable. By definition pfo G M„ if and only if there is some /' G 
Homty„(^s-iJ^s-i) such that p/ = (/)^ o /' o 0°, or equivalently, such that o / = /' o 0". 
Furthermore, this is equivalent to finding /q G iiomwg(E_^_i, E_g_i) such that (/io/q = fgocj)" 
holds in the fiber (since (j) and induce isomorphisms on ^-divisible groups over Wn, the 
map on ^-divisible groups induced by /q lifts to W„, and so the Serre-Tate theorem implies 
that /q itself lifts). Such an /q exists if and only if {(f) o /o)(C°) = 0, which is equivalent to 
/ being stable. 

Now suppose we are given a homomorphism go G Ln H of degree divisible by p^ , with 
go ^ Mn- There is some y G tiouiw„{lC h^-i) such that go is the restriction oi g = (jj^ o y 
to the fiber. Let yo denotes the restriction of y to the fiber. If yo{C'^) = we could write 
yo = y'o ° 0° for some j/g G llomwo{E.s~i, Ks-i)- As above, the map on ^-divisible groups 
induced by such a y'o would lift to Wn, and so by the Serre-Tate theorem y'o itself would 
lift to some y' G IIomvi/„ (£s-i' :^s-i) with go equal to the restriction of (j)^ o y' o to the 
fiber. This contradicts go ^ Af„, so ?/o(C'°) 7^ 0. Since p divides the degree of yo we must 
have yo{E°{Wo)[p]) = 2/o(C"). Now 50 G L„ implies 

= 5o(C") = (^^ o yo)(C") = go{mWoM), 

so go — pfo for some fo G Roin\Yg{E_°,E_^). As above, the Serre-Tate theorem guarantees 
that fo lifts to a morphism / over Wn- □ 

Corollary 5.2.5. The expression il5\) is equal to 

\iiomw„{hsiks)deglml^) \ - |Homvy„(ft°,ftg)d"g(^)*'|. 

Proof. By the definitions of Af„, L„ and L^, 

|IIomvi/„(Zls_i,Zls-l)dog(m)l = \{Mn)dcg{mp^)\ 
\B.Omw^{h.°_i,hg)dcg{mp}\ — |(-^n)dcg(mp2)| 
\iiomw^{h^,hg-l)dcg(mp)\ I (-^^)dcg(mp2) | 

Consequently, the expression ([T5|) is equal to 

|Hom^„(ft»,ftJ-*^i'i^.)| -f |HomH.„(ft^ftJ^*ct(X^)| 

-|(^n)dcg(mp2)| - |(i^)dog(mp2)| + I (^n)dcg(mp2) | . 

By Lemma [5.2.31 this is 

\ilomw„{h",hs)dcllmlh\ + \{Ln U L^)dcg{mp2)\ 

I {-Ln)dcg{mp^} I - l(-^n)dcg(mp2)| -I- |(M„)dcg(mp2)| 
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which we write as 

|HonHv„(Zls,Zls)deg(mp2)| - |(L„ H i^)dcg(mp2)| + | (M„)dog(mp2) | 

using Lemma 15.2.41 □ 

Set R = Homn/(j /ig) and B — R (8)z Q. Thus i? is a rational quaternion algebra 
ramified exactly at £ and 00, and i? C B is a level- Eichler order [Con03t Lemma 7.1]. 
The reduction map 

induces an embedding l : K B which, by the Serre-Tate theorem, is optimal for the 
pair {Os,R) in the sense that l{K) Ci R — l{Os)- We henceforth regard i^T as a subfield of 
B, supressing l from the notation. There is a canonical decomposition 

B = B+ (SB- =K®Kj 

where j G i? is a trace zero element with the property jxj~^ = x for all x £ K. This 
characterizes j up to multiplication by Q^. The reduced norm is additive with respect 
to this decomposition, i.e. N(6+ + b^) = N(fe+) + N(6^). We wish to determine which 
& G i? = RovawoihsThs) unstable. 

Lemma 5.2.6. An endomorphism b € R is unstable if and only if 

ordpN(&+) = ordpN(6-) ^ -2s, 
where b^ is the projection of b to the summand B^ . 

Proof. We are free to assume that j is chosen in R. Let T denote the p-adic Tate module 
of ^g(Wo)[p°°] and set = T (g) Qp. The split quaternion algebra Bp = B ® Clp acts 
on V , and the stabilizer of T C V is exactly Rp = R ® Tip (since the order R is locally 
maximal away from N). Under the identification of V/T with E_^{Wo)\p°°\^ the subgroup 
Os-i.pT/T is identified with C, and so the unstable elements of R are exactly those which 
do not stabilize the lattice T' = Os~i,pT D T. As an Os^p-module, T is free of rank one 
(proof: T is isomorphic as an Cs^p-module to some fractional Og^p-ideal. By the optimality 
of A' —> B with respect to {Os,R), this ideal is proper, and all proper ideals of Os,p are 
principal). Fix a generator t ^ T, and let X G Og.p be such that jt = Xt. This implies 
in particular that N(X) = N(j). As a Zp-module, T is generated by t and p^VlDt, and so 
a + f3j Q B (with a, /3 G K) stabilizes T if and only if the elements 

(a + I3j)t = {a + l3X)t [a + Pj)p''VDt = {a - pX)p''VDt 

are in T. From this we deduce that 

Rp = {a + I3j eBp\a,(3X e {p' Voy^Os.p, a + pXe Os.p}. 

Applying similar reasoning to the lattice T\ we find that the order of Bp leaving both T 
and T' stable is 

^stable ^ 1^ ^ G Bp I a, /3X G {p'-^^/D)-^Os^l,p, a + fiX^ Os,p}. 

Given b = a + j3j G Rp, set a' = p^\/Da and /?' = p^\/D(3. It is easily seen that the set of 
elements of Og.p of norm divisible by p is equal to the unique maximal ideal pOs-i,p C Os,p- 
Since a' = —[3'X (mod p'^y/DOs.p)^ ol' is a unit if and only if X is a unit. Both elements 
are units if and only if ordpN(a) = ordpN(/3X) = —2s, and both are nonunits if and only 

if a + /3j G □ 
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Proposition 5.2.7. For any non-negative integers m, n with (to, N) = 1, there is a bijection 
between ilomw„{hl,hs)dcg{m)'^ ^'^'^ of all b £ R ■ a such that 

(a) N(&) = TON(a), 

(b) ordpN(6+) = ordpN(6-) = -2s, 

(c) and 

2n + l if e{£) = -1 
n + 1 if e{£) = 0. 



OTdi{DN{b-)) > 



Proof. By |GZ86[ Proposition III. 7. 3] or |ConQ31 Theorem 7.12 and (7-3)] there is an iso- 
morphism of left Os-modules 

ilomw„{h°,h^) = ilomw„{hg,hg) igjo^ a 

whose image (viewed as a lattice in Ra) is exactly those elements satisfying property (c), 
under which the degree to isogenics correspond to those satisfying property (a). We must 
show that this bijection takes the stable elements onto those 5 = 6+ + 6^ for which property 
(b) fails. The isomorphism in question is defined as follows. The map 

EndivJ^J a ^ Homvi/„(Homc,^(a,^J,^J Homvi/„(^",^J 

defined by £,n{f ® a;)(0) — f{(j){x)) is an isomorphism of Os-modules by Lemma 7.13 of 
[Con03) ■ and taking level N stucture into account we obtain an injection of left Os-modules 

ilomw„{h°,hs) = ilomw„{lls,!ls) d ^ ^d- 
This injection identifies 

Homvv„(Zi°,ZiJ''*""° ^ Homw„(Zi,,Zi.T'""° a 

inside of Ra (this is easily checked everywhere locally using the fact that o is proper, hence 
locally principal). Localizing at p and using (N(a),p) = 1, the claim follows from Lemma 
[5X61 □ 



For any order 5* of B, define 

D»(S',m) = (foes' -a 



(16) A»(S,to) = 

bGD^(S,m) 



N(6) = mN(o) 
ordpN(6+) = ordpN(6-) = -2s 

i(l + ord,N(6-)) ife(^) = -l 
ordADN{b-)) ife(^)=0 



Corollary 5.2.8. For {m,N) = 1, 

n>0 

Proof. When e{£) — this is immediate from the proposition above. When e{£) = —1 it is 
similarly clear, provided one knows that ord£N(6^) is always odd; but (as we will see in the 
next section) we are free to choose j in such a way that ord£N(j') = 1, so writing b~ — /3j 
with P€K, ord^(N(&-)) = 1 + ordfN(/3) is odd. □ 
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5.3. Quaternionic sums. We continue to let B be the rational quaternion algebra of 
discriminant £ and assume we have a fixed embedding K ^ B. As noted before, this 
embedding induces a splitting B — B^ + B~ = K (B Kj. Let S denote the (finite) set of 
if^-conjugacy classes of Os-optimal, level N Eichler orders in B; that is, level N Eichler 
orders S such that S D K = Og, modulo the conjugation action of . For such an S, the 
value of A" (5*, m) (defined in (|16l) ) depends only on the class of S in S. Define 

A^(m) = ^A^(5,m). 

ses 

The remainder of this section is devoted to the proof of the following proposition. The 
statement holds without parity restrictions on D, but we will assume throughout that D is 
odd, refering the reader to |Mann03] for a description of the needed changes to the proof 
in the case where D is even. The method of proof follows the calculations performed in 
|GZ86[ §111.9] (and described in great detail in jMannOS) ). The main difference (apart from 
working in higher conductor) is that we have "removed the Euler factor at p" by adding the 
condition ordpN(6+) = ordpN(&-) = -2s to the set D^{S, m) over which the summation 
A°(S', to) occurs. 

Proposition 5.3.1. There is a proper integral Og-ideal q such that for every positive integer 

TO 

r OTdeien)R^^nin/i) if e(£) = -1 
A°(m) = S{n)ra{mp^'\D\-nN) ■ I 

I ord,(n)i?„,n[('^/^) if - 

where n is any integral Os-ideal with Og/n = Z/iVZ. When e{£) = —1, we may take 
N(q) = ~£ (mod Dp), and when e{£) — we may take N(q[) = —£ (mod Dp). 

If i^^ denotes the group of finite ideles of K and C i^^ is the group of units in the 
profinite completion of Og, then there is an action of the ring class group /K^O^ = 
Pic(Os) on S: if x = {xr) & and S* e 5 then S"^ is defined by the relation {S^)r = 
XrSrX^^ C Br for every rational prime r. In terms of Og-ideals the action is again by 
conjugation: S'^ = bSb^^. 

Lemma 5.3.2. The action ofPic{Os) on S is transitive, and the stabilizer of any element is 
the subgroup generated by the class of I (so has order 1 if e{£) — —1 and order 2 if e{£) — 0). 

Proof. Let S and S' be O^-optimal level N Eichler orders. To prove the transitivity of the 
action of Pic{Os) on S, we must show that Sr and S'^ are conjugate by elements of for 
every prime r. The proof of |Mann03l Theorem A. 15] shows that this is the case if either 
Os,r is maximal (which occurs for all r 7^ p) or if Sr and S*^ are maximal (which occurs for 
all {r,N) ~ I). To compute the kernel of the action, fix S £ S and let x = {xr) be a finite 
idele of K. If 5 = in S then there is some y E such that Xryr^ is contained in 
N{Sr), the normalizer of Sr in Br , for every prime r. 
If (r, N£) = 1 then N{Sr) = S^ , and so 

If r\N then Q^5^ has index 2 in N{Sr). Fix an isomorphism ij; : Br ^ M2{Qr) in such 
a way that il}{Kr) = Qr ffi Qr is the quadratic subalgebra of diagonal matrices, and let 
S'r C M2(Qr) be the usual Eichler order of integral matrices whose lower left entry is 
divisible by Nr = t-™^'-!^). As 5*^. and tp'^^S'r) are both Os^^-optimal, by the discussion 
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above there is a z S such that zSrZ^^ = V-'^^(S','.). Thus replacing i/i by a ip{K^)- 
conjugate we may also assume that ipi^r) = S'j.. Having made such a choice, we now 
supress from the notation. The nontrival coset of in N{Sr) is represented by the 

one now checks directly that 



Nr 0^ 

When r = I, Bi has a unique maximal order, hence N{Si)r\Kg = . We have shown that 
a finite idele (xr) acts trivially on S if and only if (a;,.) e Q'^OfK^K'' = O'^K^K'^. □ 

Let Wo denote the set of prime divisors of Dp if e(i?) = — 1, and the set of prime divisors 
7^ £ of Dp if e(^) = 0. Let W be the free abelian group (written multiplicatively) of exponent 
2 on the elements of Wq j and define a homomorphism 

W ^ Pic(a)[2] 

by sending w i— > (-v/I?)™, the finite idele of K which is 1 away from w and equal to the image 
of ^fD under — > at each r|w. This map allows us to view 5 as a W-module. By 
genus theory, the map W Pic(C's)[2] is surjective. The kernel has order 2 if e{t) — — 1, 
and has order 1 if e(£) = 0. 

As in [GZ86, pp. 265-266], we now choose a particular model for the quaternion algebra 
B. Detailed proofs of the following assertions can be found in [MannOS] . If e(^) = —1 then 
choose a prime q such that {^~^r^ = 1 foi' ^-U primes r \ D. For such a q the quaternion 

algebra B is isomorphic to the quaternion algebra (meaning the quaternion algebra 

B = Q ® Qi ffi Qj ffi Qjj with i"^ — D, p = —£q, ij = and q is split in K. We may, 
and do, further impose the condition q = —I (mod Dp). If e{i) ~ then choose a prime 
q ^ I such that {-^) = 1 for all primes r \ {D/t), and with {—f) = —1- For such a q the 

quaternion algebra B is isomorphic to the quaternion algebra (^ ^q^*^ ^ ; ^^id again such a g 
is split in K. We further impose the condition iq = —£ (mod Dp). We henceforth fix a g 
as above and identify 

1 (^) if<^) = 0. 

In either case we regard K as a subfield of B via a/D i, so that conjugation by j acts as 
complex conjugation on K. Let Ds — P^\^Os denote the different of the order Os. Fix an 
integral Os-ideal n such that Os/n ^ Z/NZ, and let q be an integral Og-ideal of norm q. 

Lemma 5.3.3. If e{£) — —1 there is a collection {Xr € | r G Wo} such that 

R = {a + I3j\ae /3 G D;^nq-\ a-X^/Se Os,r Vr e Wo} 

zs an Os-optimal level N Eichler order, and such that X^ = —£q. If e{£) = there is a 
collection {Xr G | r e Wo} such that 

R = {a + Pj\ae D-H, 13 G D-Hnq-\ a-XrPe Os,r Vr e Wo} 

has the above property, and X^ = —q. 

Proof. Suppose e{£) = —1. The order S — Og + q^^j C B has reduced discriminant p^^D£, 
and for a prime r not dividing pND, Rr — Sr- Thus the lattice i?r is a maximal order at 
such primes. If r\N then Rr = Os,r + nrj is an Eichler order of level r°'"^''^ , so it remains 
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to consider Rr for r\Dp. We have assumed q = ~£ (mod Dp), so that by Hensel's lemma 
= —£q has a square root Xr G for each r\Dp. If we set tr = Xr — j then one readily 
computes jtr = —Xj.tr, so that ■ — Kj. • is a two-dimensional Q^-vector space on 
which Bj. acts by left multiplication. Exactly as in the proof of Lemma l5.2.61 the (necessarily 
maximal) order leaving ^ ■ ir stable is 

Rr = {a + Pi C,Br\a, PXr G S;;,^ a - l3Xr G Os,r}- 

This shows that i? is a level N Eichler order, and the Os-optimality is immediate from the 
explicit description. The case e{£) = is entirely similar. □ 

Fix a family {Xr} and an order R as in the lemma. It is verified by direct calculation 
that for any w G W, R^ has the same explicit form as R, but with Xr replaced by 

—Xr if r\w 
Xr otherwise. 



Xli 



Lemma 5.3.4. If g is any integral Og-ideal of norm prime to Dp then 



^ J2 (l+ord,N(r)) 



(17) (5(n)r„(mp2^|L>| - nA^) 



n>0 
.,(1.P) = 1 



4-r„,SB2(n/^) ord,(M if e(^) = -1 
2-r„,n02t(n/i?) ord,(n) if e(f) = 0. 



Proof. Suppose that e{£) = —1. The lattice K^^a is given explicitly by 

^{a + /3j\ae T)-^a, (3 G D-^nq-^QQ'^a, a - Xl"l3 G O^.^VrlDp}. 

Denote by € the set of all pairs (c+, c^) of proper, integral O^-ideals such that 

(a) N{c+)+£N'N{c-) ^mp^'\D\, 

(b) c"*" and are prime to p, 

(c) c+ lies in the Pic(C's)-class of a 

(d) c~ lies in the Pic(C's)-class of aflqg^ 

and for each w G W let F"^ : D°{R'^^, m) — )• £ be the function defined by sending h = a+f3j 
to the pair 

(18) c+ = aDsa^^ = /JS^qn^^g^^fla^^ 

If D°{R^^, m) contained both b = a + l3j and a — (3j then we would have 6+ = a G Os,p, 
contradicting ordpN(6+) = —2s. This implies that F'^" is two-to-one. 

The claim is that every element of £ is in the image of F"^ for exactly 2(5(N(c~)) choices 
of w;, so that 

(1^) (l+ordfN(&-)) =4 J2 (2 + ord^N(c-)) •(5(N(c-)). 

weWbeD^{R^ts,m) (c+,c-)e£ 

To verify this, fix (c+, c^) G £ and choose generators 

Then b — a + /3j lies in D'^{R^^ ,m) if and only if a — G Os.r for every prime divisor 
r of Dp, or equivalently, if a' = X^ (3' (mod Ds,r) for every r, where a' = p^sfDa, = 
p^\fDji G Os- The action of complex conjugation on Os/S)s is trivial and so we have 

a'2 = N(a') = N(a)N(c+) = -^iVN(c")N(a) = -£q^{ii') = Xll3'^ 
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modulo T)s,r- When r ^ p, Os.r/^s,r is a field, and so a' = ±Xrl3' ■ The congruence holds 
for both signs if and only if a' = 0, which holds if and only if r|N(c~). When r — p, 
a' e Of J. and the unit group of the ring Z/p-^^Z = Os,r/^s,r has no 2-torsion apart from 
±1. Hence a' = ±XrP' for a unique choice of sign. We have shown that a + /3j is contained 
in Dg{K^^ ,m) for exactly 5(N(c~)) choices of w. The element a — Pj lies in D^{R'^^ ,m) 
for another i5(N(c~)) choices of w, all distinct from the first set of choices. This proves ()19|) . 
The right hand side of (fT9|) agrees with the right hand sum in the statement of the lemma 
by setting n = £N(c^). 

The case where e{£) = is very similar: the set £ is instead taken to be the collection of 
pairs of proper, integral Os-ideals (c+, c^) such that 

(a) N(c+) + iVN(c-) = mp2'^|D|, 

(b) c"*" and are prime to p and divisible by I 

(c) c+ lies in the Pic(C's)-class of a 

(d) lies in the Pic(C's)-class of afiqg^. 

The function from Z3^(i?"'8,m) to £ is then exactly as in (fT8| . and the expression on the 
left hand side of ([T7| is equal to 



4 J2 ord£N(c-) • 2#{'-^^''l'^ '^^'^^^ = 
(c+,c-)ee: 

2 ^ r^{mp^'\D\-nN)r^^^-^2{n)S{n)ordiin) 



n>0 

€ln.(Ti,p) = l 



by taking n = N(c ). This is equivalent to the stated equality. □ 

Proof of Provosition \5.3.1[ Fix a set (S = {g} of proper integral Os-ideals of norm prime to 
Dp such that {g^ | g G ©} represents Pic(C's)^. As g varies over & and w varies over W, 
wg varies over Pic(C's) hitting each ideal class once if e(£) = and twice if e(£) — —1. By 
Lemmas 15.3.21 and 15.3.41 (recall also that we are assuming D odd) we have 



2 

wew oe6 



6{n)r^{mp'^'\D\-nN) 



orde{£n)Rac,nin/i) if e(£) = -1 



J>1,^, [ OTdiin)R^^niin/i) if eii) = 0. 



□ 



5.4. The ^-contribution to the height. Fix m — moP^ with {iriQjNp) = 1. Let b be a 
proper integral Og-ideal, and denote by r G Gal{Hs/K) the Artin symbol of b. We consider 
the quantity 
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where the pairing is the local Neron symbol on X/^^ „ of Proposition [3321 By replacing hi 
with hi in Proposition 15 . 1 . l1 this is equal to 

logpW^ (|HomlV„(Zls^Zis)dcg(mp2)| - |HomM/„(/l"'Li,Zl^)dcg(mp)l 
n>0 

-|Homvi/„(Zl"'',Zls_i)dcg(mp)| + |HomvF„(Zl°^i,Zls-l)dog(m)|), 

which is equal, by Corollary 15.2.51 to 

log,(€) ^ {\RoTnwMs\hl)Z^^^'^)\ - \^o^y,Shf 

n>0 

By Corollarv l5.2.81 this last expression is equal to 

logpW [a°{R'-' , mp^) ~ A°{R'-\ m)) , 

where we have used [Con03[ (7-8)] to identify Endwaill^) with ■ Endwoih^) ■ b inside of 
B = Homwoih^.h^) <8) Q. 

Proposition 5.4.1. For any positive integer m — mop^ with {niQ,Np) = 1 and any i 
nonsplit in K , 

((c.,T„„(d^_,+2))» - (c._i,T„„(d^_,+i)),^) = logpW(A,"(mp2) _ A^"(™)) 

w 

where the sum is over all primes w of Hg above £ and A° (m) is the quantity defined in ^5.3\ 
( and computed explicitly in Proposition 15. 3.1]) . and the pairing is the local Neron symbol on 
X/H, „ o/ Propo.sition \3.3.2[ 

Proof. Let Pic^(C's) denote the quotient of Pic(C's) by the subgroup generated by the class 
of the unique prime of K above £. Then Pic^(Os) acts simply transitively on the set S by 
Lemma 15.3.21 and also acts simply transitively on the primes of Hg above i. If we let b 
vary over a set of representatives of Pic^(C's) and use the relation {x'^,y'^)y = (x, t/)^--!^!,) 
for T e Gal{Hs/K), then the claim follows from the discussion above. □ 

6. Neron symbols above p 

In this section we use the methods of Perrin-Riou |PR87a[ §5.3] to analyze the p-adic 
Neron symbol on Xq (N) at primes above p. 

Fix s > 0, (T S Ga\{Hs/ K), and assume that e{p) = 1 and D ^ —3, —4. As always, we 
let a G Os he a, proper ideal whose Artin symbol is a. For any positive integer m, we let 
Tjn be the usual Hecke correspondence on Xo{N) (taking the Atkin-Lehner at primes 
dividing N) . For any correspondence T from a curve to itself, we let denote the transpose 
correspondence. Thus Tm = T^i for (m, iV) = 1. If p is one of the two primes of K above p, 
we let 6 be the order of p in the ideal class group of K. 

6.1. Some modular forms. Fix a place v of Hg above p. 

Lemma 6.1.1. Let R be the integer ring of Hg.v and let ^ be the horizontal divisor 
of Xq{N)/]^ with generic fiber hj^. For any divisor C_ on Xq(N)/]i, there is a constant 
c = c{C_) such that the intersection multiplicity j(ti, ^) of ^3.1\ depends only on r (mod 6) 
when r > c. 
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Proof. It suffices to prove this when C_ is effective. The extension Hoo/Hq is totally ramified 
at V, and we let w denote the unique place of Hoc above v. Let F(r) be the completion of 
the maximal unramified extension of Hs+r,w with integer ring W{r)^ and let W{r)k be the 
quotient of W{r) by the (fc+l)'''-power of the maximal ideal. Let Q™'' denote the completion 
of the maximal unramified extension of Qp. The extension i?s+r,u)/^^o,io is totally ramified 
of degree p'^'^''~^{p — 1), and iJo,™ C Q^'"- From this one easily deduces that F{r) is the 
compositum of Qp'"' and Hs+r.w (so is abelian over Qp), and that F(r)/Qp"'' is totally 
ramified of degree p^^'^^^{p — 1). By class field theory F{r) = Qp'"(/Xps+r). Decompose 
C = J2k=oyi^) ^ '-'^ prime divisors on Xo(A^)/vi/(r)- For r greater than or equal 
to some tq the sequence is constant and /i^^ has no components in common with C_. 
Abbreviate e = 6^ and take c = ro + 6. 

Fix ri > c, r = ri + iS with i > 0, and an extension of cr to Gal{Hco/K). By |Con03[ 
Lemma 2.4] or |SeTa69[ Theorems 8, 9(1)] the point h'^^^ e Xo(iV)(F(r)) represents a Heeg- 
ner diagram over F(r) having good reduction, and so its Zariski closure h"^^^. in Xq{N) /w{r) 
is a section to the structure map representing a Heegner diagram over W{r). As in 21 the 
choice of Heegner diagram hg_^_^. determines a family of isogenous Heegner diagrams over 
W{r), 

hs+r ~^ lls+r-l ~^ ■■■■ 

The generic geometric kernel of the map hg^^ ~^ hs+r-i is stable under the action of the 
absolute Galois group of F{r), and the Euler system relations of ^1.21 tell us that no other 
order p subgroup of h'^_^_^{F{r)'^^^) has this property. Indeed, the remaining p quotients by 
order p subgroups are permuted simply transitively by Gal(i^(r + 1)/F(r)). It follows that 
this kernel must be the kernel in /is^_r[p] of reduction to W{r)Q (recall e{p) = 1, so h'^^j. 
has ordinary reduction) and the map h'^^,, — > h'^+r-i reduces to the absolute Frobenius 
in the closed fiber. The action of Os+r on the closed fiber of h'^^^ extends to an action 
of the maximal order (we have just shown that the closed fiber of /ig+r is isomorphic to 
a Galois conjugate of the closed fiber of Hq), and if p denotes the prime of K below v, 
then the action of any generator of the principal ideal is a degree p^ purely inseparable 
endomorphism, whose kernel must therefore be the kernel of the ^'''-iterate of Frobenius. 
This shows that the Heegner diagrams h"_^_r and h'^_^_r_g are isomorphic over Spec(W^(r)o), 
and that the closed fiber of /ig^^ is the base change to W{r) of the closed fiber of the Zariski 
closure of h'^+n -^o(^)/iy(ri)- 

We claim that the Heegner diagram hg^j._s is distinct from h'^^,, over W{r)i, so that 
Proposition 14.0.51 gives the intersection formula 

(20) ^ih':+r,h:+r-5) = ^I^kI = 1 

on Xo(iV)/vi/(r)- Indeed, if these Heegner diagrams are isomorphic over W{r)i, then the 
reduction of such an isomorphism to W{r)Q allows us to view /t^+^-iS ^-nd hs+r O'^er T^('')i 
as isomorphic deformations of the common closed fiber, which we denote by g. Let T ~ 
^im(7(PF(r)o)[p'^] = Zp. The theory of Serre-Tate coordinates (for example |Gor02| Chapter 
3, Theorem 4.2) associates to these Heegner diagrams over W{r) (viewed as deformations 
of g) two bilinear maps 

qs+r-5,qs+r :T®T l + mw{r)- 

The first surjects onto fips+r-s, and the second onto fips+r. Since we assume the Heegner 
diagrams over W{r)i are isomorphic as deformations of g, the bilinear maps Qg+r-Sj Qs+r are 
congruent modulo 1 + xn^i^^y This is a contradiction, as ^ps+^-s is contained in 1 + tn^j^,^ 
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while fips+r- is not (use the fact, noted above, that F{r) = Q™''(^pr+s) to replace mw{r) 
with the maximal ideal of 7ip[fipr+s]). 

Each prime divisor y{k) occuring in the support of C_ either does not meet the common 
closed point of /i^+^-aj ^s+n which case i{y{k), h'^_^_^) — 0, or it does, in which case y{k) 
intersects both h^^r-s h^^r- Assume we are in the latter case. The divisors y{k) and 
h^s+r-s oil -''^0 {N) /w(r) both arise as the base change of divisors defined over W{r — 6). Since 
base change through a finite extension multiplies intersections by the ramification degree, 
i{vik)Al+r-s) > 1- If also i{y{k) , }f^_^_^) > 1 then iih'^+r^h'^+r-s) > 1> contradicting (|20|) . 
Thus i(y(fc),Zis+r) — 1- We have shown that 

e 

(the subscripts denoting the bases over which the intersections are computed) is equal to 
the number of y(fc), < fc < e, which contain the closed point oi h'^_^^J,. By the discussion 
earlier this is equal to the number of y{k) on Xo{N) /w{ri) which contain the closed point of 
the Zariski closure of h'^^^^ on Xo(A^)/vF(ri)j which is equal to i(C,h^^Ji^ by taking r = ri 
in the preceeding argument. □ 

Let us say that a divisor C on Xo(N)/h^ „ has good support if its support contains no 
cusps except possibly for the cusp 0. Note that the set of such divisors is stable under 
the action of for any m. This follows easily from the fact that the main Atkin-Lchner 
involution w on Xo{N) satisfies wTmW — and w ■ oo — 0, and that Tm • oo is supported 
at oo. For C of degree zero with good support we define a formal g-expansion 

(21) 0(C). = J2 {C.Trnod:j,q"' 

where ( , )t, is the p-adic Neron symbol on Xo(A^) /h^ „ of Proposition 13.3.2] and where for 
any integer m > we write m — rriQp^ with (mQ,p) — 1. Let U denote the shift operator on 
formal g-expansions ?7(X]^m9™) = 'Yli^mpff^- The g-expansion (l){C)y is only defined if C 
has support prime to Tmo(d^^) for every m = mop^ , but for any C with good support and 
degree the g-expansion U''(j){C)v is defined for fc 0. Indeed, the geometric points in the 
support of Tmo{d'^ r+k) ^^ch represent either the cusp oo or a CM elliptic curve such that 
the valuation at p of the conductor of the CM order is exactly s + r + k. 

We can use the Lemma 16.1.11 to compute p-adic Neron symbols at v in the only case 
where they are known to be related to intersection pairings: the case where one divisor is 
principal. 

Corollary 6.1.2. Suppose C is the divisor of a rational function on Xq{N)/jj^ ^, and that 
C has good support. Then for each integer to > 

lim a„(;7'=((7*-l)0(C)„) =0. 

Proof. Write m = rriQp^ with (too,_p) = 1. The divisor T^^{C) is again principal with good 
support, and we fix a rational function / with (/) = T^^(C). Writing v for the normalized 
valuation on Hs^v, the intersection theory of ^3.11 gives 

i;(/«,+,+,)) ^ [(/),d:,„+,+,] = »(Cf),h:^,+,+,)) -p-+'=+^ • ^(C0,oo)) 
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where the underhning of divisors indicates passing to horizontal divisors on Xo{N)^f(, R 
the integer ring of Hg y. Similarly 

K/(dL.+fe)) = [(/),dL.+fe] - ^mKr+k))-p''^'' ■ ^moo)). 

From this and Lemma 16.1.11 we deduce 

for k large. Multiplying / by an element of does not change (/), and so we may assume 
that v{f{oo)) = «((/), oo). Then ^(h'j^''"'") is a unit in Hs,v for k large. It is also the norm 

of some Uk G Hs+r+k,v, the completion of Hg+r+k at the unique prime above v. Using 
Proposition I3.3.2f b) 

= PH... ifi^lr+k+s)) - PK... (/(d:,.+fc)) 

= pQ^(Norm^^^„^, „/Q^K)) - (p* - 1)p'-+Vh_(/(oo)). 

Since p is split, the field Hs+r+k,v is abelian over Qp, the unit norms from Hs+r+k,v to Qp 
converge to 1 as fc — >■ cxd, and so the final expression converges to 0. □ 

Given any point P G Jo{N){Hs^v) we may choose a degree zero divisor C on Xo{N) /h, „ 
having good support which represents P. Corollarv 16.1.21 implies that for any sequence of 
integers b = (bk) with bk — > oo, the g-expansion with Qp-coefficients 

if the limit exists (in the sense of coefhcient-by-coefhcient convergence; there is no assuption 
of uniformity) depends only on P and not on the choice of C. 

Definition 6.1.3. A sequence of integers b — {bk) is admissible if 6^ — > cx) and if the limit 
(coefficient-by-coefficient) defining $b(P)„ exists for every P e Jo{N){Hs^v)- 

Lemma 6.1.4. Any sequence of integers tending to oo admits an admissible subsequence. 

Proof. Fix a sequence b — {bk) of integers tending to oo. Let C be a degree zero divisor on 
^q{N)hs „ with good support, and consider the first Fourier coefficient 

a,{U'"'{U' ~ 1)0(C),) = (C,d^,,^+, - dl,J,. 

By the final claim of Proposition l3.3.2] the sequence on the right hand side takes values in a 
compact subset of Qp, and so we may choose a convergent subsequence. By Corollarv 16. 1.21 
and the finite dimensionality of Jo{N){Hs.v) (S Qp, we may repeat this process, eventually 
replacing 6 by a subsequence (still denoted b, abusively) such that 

lim ai{U'"'{U^ -l)(t){C)y) 

k^oo 
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ap(<i>,(T4P)„) if {m,p) = 1 

ap{MT:nP)v) ~ pai{Mn,/pP)v) else. 



exists for every degree zero divisor with good support. By the same argument we may 
assume that the limit limfe_j.oo Cp ([/'''= — l)(j){C)v) also exists for all such divisors. Now 
fix TO = mop^ with (too,p) = 1. From the definition of we have 

(22) a^iU'-iU' - 1)0(C)„) = apr{U''^{u' - 1)0(T4^C)„) 

(for k large enough that both sides are defined). If r = or 1 then the limit as fc — oo 
exists by the above choice of b. For r > 1 we use the Euler system relations of §1.21 to see 
that 

which, together with the same formula with bk replaced by bk + 6, implies that the right 
hand side of ([22]) equals (for fc > 0) 

a^iU'HU' - l)<^(T4„p.-,C)„) - p • ai(;7''MC/' - l)0(r^„p.-2C).), 
and this limit exists as fc — >■ cx). □ 

Fix an admissible sequence b. Note that the above proof shows that 

(23) a™p($b(P).) = 

Let T^"" denote the Qp-algebra generated by the Hecke operators Tm for all m > acting 
on Jq{N). For any P e Jq{N){Hs^v) and any i > 0, the linear functional on T^"'' defined 
by T ai($b(r'P)i,) determines a p-adic modular form 

/i,(P) =^a,($b(T4F)„)-g"e 52(ro(iV),Q)®Qp 

of level ro(A^) (as does any linear functional on T^"''; this follows from |Hi93[ §5.3 Theorem 
1] and the identification of T^"" with the Hecke algebra acting on weight two cusp forms) . 
The relation (|23p can be written as 

U ■ MP)v ^ hp{P) ^ pV ■ h^iP) 

where V{J2 (^nO^) = X] o.n<f^- As V takes modular forms of level Tq{N) to modular forms 
of level Tq{Np), we may define 

^'6(P)„ = u ■ $6(P), e M2{Tq{Np),A) ®a B 

for any P e MN){Hs,.). 

6.2. Annihilation of Ecr- Recall Hida's ordinary projector e"'^ — limfe^oo U''' from Jj2j Fix 
an admissible (in the sense of Definition 16.1.31 and for all primes above p simultaneously) 
subsequence b = (bk) of fc! and define, for any P € Jq{N){Hs), a p-adic modular form 
\l/b(P) = '^y\p'^biP)v where the sum is over primes v of Hs above p. Similarly, define 
(p{C) = 4'{C)v (whenever (t){C)v is defined for all v above p). 
In the next section we shall see that there is a modular form 

E„ e M2{To{Np°^),A)®B 
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with the foUowing property: if ( , )p denotes the sum of the local p-adic Neron symbols on 
X{j[N)/[j^ „ at the primes of Hg above p, then for any m — rriQp^ with (mQ,Np) = 1 the 
m}^ Fourier coefficient of E„ is given by the expression 

where, as in ^0.1[ Ci — (hi) ~ (0). From this we immediately deduce the following 

Lemma 6.2.1. There is a modular form g € AI2(Tq{Np) , A) B such that Omig) — 
whenever (m,N) = 1, and 

{U' - l)e°'"'E, = U^bics) - ^6(c.-i) + g. 
Proof. Compare both sides coefficient-by-coefficient. □ 

The significance of Lemma l6.2.1l is the following: while E„ depends a priori on the divisors 
Cg and Cg-i, the p-adic modular forms ^^(cs) and 'I'f,(cs_i) depend only on the images in 
Jo{N){Hs). This plays a crucial role in the proof of the following proposition. 

Proposition 6.2.2. Let f be the modular form fixed in the introduction. The p-adic modular 
form Ea- is annihilated by the linear functional Lf of Lemma \2.0.2[ 

Proof By Lemmas [212i;c,d) and lOU 

(a* - l)Lf{E,) = LfiiU' - l)e°'''E^) = aL/(*b(c,)) ~ i:/(*,(c,_i)), 

and so it suffices to show that Lf{'$i,{P)y) — for every P e Jo{N){Hs) and every prime 
V of Hs above p. Fix one such prime and let T be the Q-algebra generated by all Ti with 
{(,N) = 1 acting on Jo{N). Recall from the introduction the decomposition 

Jo{N){H,)®B^^J{H,)0 

P 

where the sum is over all algebra homomorphisms /3 : T ^ Q^'^ (and recall that all such 
maps take values in B by hypothesis) and T acts on J{Hs)i3 through the character (3. Let 
/?/ be the homomorphism associated to the fixed newform /. 

Suppose P e J{Hs)p for some character /3, and extend \I'b( ).;; i3-linearly to Jo{N){Hs)®B. 
We treat the cases P ^ Pj and (i = (if separately. 

Lemma 6.2.3. IfP^Pf then L f{^b{P)^) ^ 0. 

Proof. Use the notation for Hecke operators in level To{Np). For any m prime to Np 
we have 

a™(/)L/(*b(P),) = Lf{f,n^b{P),) = Lf{^b{T,nP).) = /3(r,„)L/(*fc(P)„) 

(the first equality is by Lemma I2.0.2[ the second is a straightforward calculation, and the 
third is obvious). Thus if L/(*6(F)„) ^ then Pf(Tm) = l3{Tm) for ah {m,Np) = 1. 
The Atkin-Lehner strong multiplicity one theorem [AtLeTOI Lemma 24] thus implies that 
Pf — /3, a contradiction. □ 

Lemma 6.2.4. If P ^ Pf then Lf{^b{P)v) = 0. 
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Proof. We follow the lead of |PR87a[ Exemple 4.12]. Let R be the integer ring of Hs^v, m 
the maximal ideal of R, and F = R/m. Let G„ be the ^"-torsion of the Neron model of 
Jo{N) over i?, a finite group scheme over R. Let and G^' be the connected component 
and maximal etale quotient of G„, respectively, and let G""''' (resp. G°^°) be the maximal 
subgroup scheme of G° with etale dual (resp. quotient with connected dual). 

By the theory of Dieudonne modules the Frobenius and Verschiebung morphisms on 
(G°'°) /F E^re nilpotent, and so by the Eichler-Shimura congruence the same is true of the 
Hecke operator Tp. This is equivalent to T^{I) C ml for some i, where A is the Hopf algebra 
over R associated to the affine group scheme G^'", / is the kernel of the augmentation map 
A ^ R^ and Tp is now viewed as an i?-algebra map A ^ A. For any Artinian quotient 
R/xvJ^R of R and any i?-algebra map t : A ^ R/m''R, 

(toT;'=)(/) Cr(m'^/) = 0. 

Back in the world of group schemes, this says that Tp acts as a nilpotent operator on 
G°'°(i?/m'^) for any k and any n. From this it follows easily that Tp acts as a topologically 
nilpotent operator on i?-valued points of the formal group scheme G°^° associated to the 
p-divisible group hi^ G"'°. 

Let G° and G°'°* be the formal group schemes associated to G" and G^''^', respectively. 
As G°(i?) C Jo{N){Hs^v) with finite index, we may identify 

G°(i?) (E)B^ Jo{N){Hs,^) ® B. 

As (if{Tp) — ap{f) E is a unit, any element of G'^{R) ® B on which T acts through 
(3f must come from the subspace G'^'°'(i?) (E)Zp B. We are thus reduced to the case P E 
G"'°*(i?). By |Sch87|. Theorem l(i)] (together with the proof of |Sch87| Theorem 2]), the 
universal norms in G"'°'(i?) from any ramified Zp-extension of Hs^v have finite index. We 
are thus further reduced to the case where P E Jo{N)(Hs^v) is a universal norm from 
Loo, the cyclotomic Zp-extension of Hs,v Let L„ C Loo be the extension of Hs,v with 
[L„ : Hs,v] = p", and write P = '^L,jLoQn for some Qn € Jo{N){Ln). Lift Qn to a 
degree zero divisor on Xo{N) with support prime to the cusps. Then for m = mop"^ with 
(too,_p) = 1, 

am(*6(P).) = lim a^{U'"' + \U^ -l)cPiNL,JL„Qn)v) 

= lim {NL„/LoQn,Tmgd'^j^^i^g^j. — Tmgd'^h^i^r) 
k — > — 



Using Proposition 13. 3. 2T e). we at last deduce 5'f,(P)„ = 0. □ 

This completes the proof of Proposition 16.2.21 □ 

Remark 6.2.5. The reader is invited to reconsider the case (3 = (3f under the additional 
hypothesis that / is ordinary at every place of Q^'^ above p. Then the abelian variety (up 
to isogeny) Af attached to / by Eichler-Shimura theory is ordinary at p, and a theorem 
of Mazur |Maz72[ Proposition 4.39] tells us that the universal norm subgroup of Af{Hs^v) 
from a ramified Zp-extension has finite index. 

7. Completion of the proofs 

Assume D is odd and ^ —3, and that e{p) = 1. Fix s > and a E Gal{Hs/K). Let a be 
a proper integral C^-ideal of norm prime to p whose class in Pic(C's) represents a. Recall 
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from TO. li the p-adic modular form Fa- defined by 

Fa - U''F§'' - UFP'-^ - C/i^r + F'a-^^'-^ G Af2(ro(iVp), A) ®a B. 
Proposition 7.0.6. For every m = rriop^ with {mo,Np) 1, 

am{Fa) = {Cs,T,np2{d'^)) - {Cs , T„ip{d'^_i)) + {Cs-l,T,n{ds^i)) - (cs_i,r„p(rfj)) 
(24) = {Cs,T„,Mlr+2)) -{Cs-uT^oK,r+l))- 

where {,) — {,) Xa(N),Hs '^^ global pairing of UU\) viewed as a pairing on Jo{N){Hs), and 
Cs, ds, Cs.r, and ds^r o,re as in ^0.1\ Furthermore, extending the height pairing B-bilinearly 
to Jo{N){H,)®B,' 

LjiFa) = ia'-l)a'^Zs,z^) 
where Lf is the linear functional on M2{Tq{Np°°), A) of Lemma \2.0.2\ and Zg is the regu- 
larized Heegner point appearing in Theorem [21 

Proof. Recall, for i,j < s and any m, 

a„^{Fl^=)=Y.{c,.dl^)ara{fp) 

where the sum is over algebra homomorphisms /3 : T — ^ Q^'^, //3 is the associated primitive 
eigenform, and d" ^ is the projection of o?J S Jo{N){Hs) to J{Hs)i3. Thus if (m, N) — 1 

a^{F'a^) = l3iTm)dlp) = Y.^c„T^dli,) = icTr^d'^). 

The first claim follows easily from this and the Euler system relations of !jl.2l 
For the second claim, 

Lf{Fa) = a^Lf{Fp^) - aLf{Fp^~^) - aLfiF^'n + LfiF^'''-^) 

by the final claim of Lemma [2.0.21 It follows from the same lemma that Lf{fi3) = unless 
fp — f (as in the proof of Lemma [6. 2. 3p . while Lf{f) — 1~ a^^. Therefore 

Lf{Fl^^) = (1 - a-^){e,,dlf) = [l - a~'){d,j,dl^) 

where the subscript / indicates projection to the component J{Hs)pj, of the algebra ho- 
momorphism /3j : T — >■ Q'^'s associated to /, and the second equality uses the fact that 
Ci — di = (oo) — (0) is torsion in jQ{N){Hg) and that summands J{Hg)fj are orthogonal for 
distinct /3 (an easy consequence of Proposition 13. 3. 2T c)). This gives 

Lf{Fa) = (1 - a-^)[a'{dgj,dlf) - a{dgj,dl_,j) - a{dg^^j,dlf) + 

= (1 - a~'^){o^dgj - dg_ij,adg j - dl^-^ j) 

= (a^ - l)(a'*Zs,a'*z^) 

as Zs was defined to be a~^{dsj — a^^dg^ij) (in the introduction we abusively confused hi 
with di = (hi) — (oo)). □ 

As explained in TO. 11 in each of the pairings of ([M)) the divisors have disjoint supports, 
and so we may decompose am{Fa) — o,m{Fa)v as a sum of local Neron symbols on 
Xy = Xo{N) Xq Hg^y by defining 

<lm{Fa)v = (Csj Trrijj (d^ ,,^2))i> ~ {'^s—l,T„ig{dgj,_^_i))y 

where for each prime v of Hg, { , )v = { , )x^,p„^ ^ is the local Neron symbol of Proposition 
13.3.21 We also define, for a rational prime i, am{Fa)e = J2v\e o.m{Fa)v 
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Proposition 7.0.7. Suppose {m,N) = 1. Then 

where is the p-adic modular form of Proposition \S. 0.4\ 

Proof. For any £ ^ p, Proposition 14.0.81 shows that am{F<j)i — when e{£) — 1, while 
Propositions I5.3.T] and [574.11 give an exphcit formula for am{Fa)t when e(£) ^ 1. Corollary 
12.0.71 gives an explicit formula for the right hand side. □ 

Proof of Theorem\M If we define a p-adic modular form Ec € M2{Ta{Np°°), A) ®a ^ by 



then for every m = mop^ with (mo, A^p) ~ 1 Proposition 17.0.71 implies 

Proposition 16 . 2 . 2l now implies Lf{Ea) = 0, and so 

LfiF^)^LfiU'^il~U^)G,^). 
Applying Lemma r2.0.2f d) and Proposition 17.0.61 

{a' - l)a^^z,,z:)x,iN)M. = a^'il - a^)Lf{G,^). 
Summing over a and applying Proposition 12.0.41 

(7 a 

for any character 77 of G&\{H s / K) . We now view Zg as an element of Jq{N){Hs) ® B, let 
be the image of Zg in Jo{N){HsY ^ B under the canonical polarization, and switch to the 
height pairing ( , )jg(N),H^, of RecaUing Remark [3.3. 11 

^Vi<^){zs ,Zs)joiN),H, = logp(7o)?7(«) -^fAv)- 

This completes the proof of Theorem \X\ when s > 0. If 77 is a character of Gal{HQ / K) , then 
we may view as a character of Ga\{Hs/K) for some s > 0, and this does not change the 
value of Cf^i{ri). As the z^ and are norm compatible 



s 1 -^0 / Jo{N),Hs 



aeGaX(HJK) creGa\(Ho/K) 

aeGal(Ho/K) 

so Theorem |X| holds also when s — 0. □ 
Proof of Theorem \B[ If we show that 

(25) {y'^ ,ys)E,H^, = (zs,Ojo(Ar),ff, 

for any s then we are done, as TheoremjXjshows that the two sides of the equality of Theorem 
iBl agree on all finite order characters. Implicit in this statement is that ([25]) holds for any 
choice of height pairing ( , )jo(n),Hs ^ ® (recaU that the definition of ^ depends on 
the possibly non-canonical choice of the local symbol ( , )jq{n)^,ph of Proposition l3T2?l1 for 
each place v above p, and that there is a unique choice of local symbol ( , ) e^,,ph, „ every 
place v). Fix a prime v of and define a Qp-valued symbol (c, d) on pairs of degree zero 
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divisors on ^ E x q Hg v with disjoint support (and d rational over Hs v point-by-point) 

by 

where ^ is a zero cycle on jQ(N)y such that n ■ d = (j)*^ for some n (using the fact that 
0* : Jq{N){Hs.v) —J- E{Hs,v) has finite cokernel). It can be shown that the symbol ( , ) 
satisfies the properties of Proposition l3.2.1[ and so must be the unique symbol ( , ) e^,.phs „ ■ 
From this one easily deduces the compatibility of the global symbols © 

{c,<p^d)E,H, = {<P*C,d)j^(N)Ms 

for c e E{Hs) and d G Jq{N){Hs). The equality (|25p is then obvious from the definition of 
Vs and y^. □ 
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